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Program Outcomes:

1.

Technical Knowledge and Understanding: Graduates of an MCA program will
demonstrate a strong foundation in computer science and information
technology, including programming languages, algorithms, data structures, and
software development methodologies.

. Software Development and Implementation: Graduates will have the skills to

develop, implement, and test software applications using various programming
languages, frameworks, and development tools.

. Database Management: Graduates will possess knowledge of database concepts,

database design, and database management systems to efficiently store, retrieve,
and manipulate data.

. System and Network Administration: Graduates will have an understanding of

system administration, network management, and security protocols to
effectively manage and maintain computer systems and networks.

. Information Systems Management: Graduates will possess knowledge of

information systems, IT project management, and organizational processes to
effectively manage and align technology solutions with business goals.
Communication and Collaboration: Graduates will possess effective
communication skills, both oral and written, and the ability to collaborate with
multidisciplinary teams to solve complex problems and present technical
information.

Program-Specific Outcomes:

1.

Software Engineering: On completion of the program, the Graduates will be
specializing in Software Engineering should have advanced knowledge and
skills in software development methodologies, software testing, software quality
assurance, and software project management.

Web Development: On completion of the program, the Graduates will be
specializing in Web Development should possess expertise in web programming
languages, web design principles, web development frameworks, and the ability
to create dynamic and interactive web applications.

Data Science: On completion of the program, the Graduates will be specializing
in Data Science should have proficiency in data analysis, data mining, machine
learning algorithms, and statistical modeling to extract insights and solve
complex data-related problems.

Mobile Application Development: On completion of the program, the Graduates
will be specializing in Mobile Application Development should have expertise
in mobile programming languages, mobile application design, mobile user
interface development, and the ability to create innovative mobile applications.

. Artificial Intelligence: On completion of the program, the Graduates will be

specializing in Artificial Intelligence should possess knowledge and skills in Al
algorithms, natural language processing, machine learning, and the ability to
develop Al-powered applications.

Enterprise Resource Planning (ERP) Systems: On completion of the program,
the Graduates will be specializing in ERP Systems should have knowledge of
ERP concepts, ERP implementation methodologies, ERP modules, and the
ability to manage and integrate ERP systems in organizations.
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INTRODUCTION

A data structure is defined as a set of data elements that represents operations,
such as insertion, deletion, modification and traversal of the values present in the
data elements. Data elements are the data entries that are stored in the memory for
organizing and storing data in an ordered and controlled way. The commonly used
data structures in various programming languages, such as C, are arrays, linked
lists, stacks and trees. Data structures are of two types, linear and non-linear.

This book, Data Structures & Algorithms, introduces you to the basic
concepts of data structures. It explains arrays, which can be used to store lists of
elements and discusses stacks — a linear data structure, which includes memory
representation and the various applications of stacks. Queues, including their
representation and trees; linked list and the various types of linked lists; trees
including the binary tree, binary search tree and threaded binary tree, along with
the various applications of trees; searching and sorting data; and hashing are some
of the other topics explained in this book.

The book follows the self-instructional mode wherein each Unit begins with
an Introduction followed by an outline of the Objectives. The detailed content is
then presented in a simple and structured format interspersed with Check Your
Progress questions for testing the understanding of the students. ASummary, a list
of Key Words and a set of Self Assessment Questions and Exercises is also
provided at the end of each unit for effective recapitulation.



BLOCK - |
INTRODUCTION

UNIT 1 INTRODUCTION TO DATA
STRUCTURE

Structure

1.0 Introduction
1.1 Objectives
1.2 Primitive and Composite Data Types
1.3 Abstract Data Types
1.4 Data Structures
141 Linear Data Structures
14.2 Non-Linear Data Structures
1.5 Operations on Data Structures
1.6 Algorithms
1.7 Algorithm Design Techniques
1.7.1 Brute Force Algorithm
1.7.2 Divide and Conquer
1.7.3 Dynamic Programming
174 Greedy Algorithm
1.8 Time and Space Complexity of Algorithms
1.9 Big O Notation
1.10 Recurrences
1.11 Answers to Check Your Progress Questions
1.12 Summary
1.13 Key Words
1.14 Self Assessment Questions and Exercises
1.15 Further Readings
1.16 Learning Outcomes

1.0 INTRODUCTION

A data structure is a specialized format for organizing and storing data. Some
general data structure types include the array, file, record, table, tree, and so on.
Any datastructure is designed to organize data to suita specific purpose so that it
can be accessed and worked with in appropriate ways. In this unit, you will learn
about datatypes, algorithms and complexities associated with them.

1.1 OBJECTIVES

After going through this unit, you will be able to:
« Discuss Primitive data types
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Understand composite data types

Explain Linear and non-linear data structure
Analyze abstract data types

Understand algorithms and their design techniques
Understand time and space complexity of algorithms

1.2 PRIMITIVE AND COMPOSITE DATA TYPES

Each programming language provides various data types and each data type is
represented differently within the computer’s memory. The memory requirement
of a data type determines the permissible range of values for that data type. The
data types can be classified into several categories, including primitive data types
and composite data types.

The data types provided by a programming language are known as primitive
data types or in-built data types. Different programming languages provide
different set of primitive data types. For example, the primitive data types in the C
language are int (for integers), char (for characters), and float (for floating point
numbers). The data types that are derived from primitive data types of the
programming language are known as composite data types or derived data
types. Various data types in the C language include arrays, functions, and pointers.

In addition to primitive and composite data types, programming languages
allow the user to define new data types (or user-defined data types) as per his
requirements. For example, the various user-defined data types as provided by C
are structures, unions, and enumerations.

1.3 ABSTRACT DATA TYPES

Generally, handling small problems is much easier than handling comparatively
larger problems. The same rule is applicable to programming also. Therefore, a
large program is decomposed into small logical units or modules, each of which
does awell-defined sub task of the whole program. The size of each module is
kept as small as possible and if required, other modules are invoked from it. This
modular design provides several advantages. First, several people can be employed
to work on a single program, which will increase the speed of completing the
given task. Second, a well-designed modular program has modules independent
of each others, implementation, which will make the program easily modifiable.

An abstract data type (ADT) is an extension of a modular design in a way
that the set of operations of an ADT are defined at a formal, logical level, and
nowhere inADT’s definition, itis mentioned how these operations are implemented.
The data type integer is an example the abstract data type. We frequently perform



operations on integers that are associated with them like addition, subtraction,
division, multiplication, modulus, etc. However, we do not know how these
operations are actually performed on integers. We only know the syntax of how to
perform these operations in some programming language. For example, C language
defines +,—, /,*, % to perform some basic arithmetic operations on integers.

The basic idea of ADT is that the implementation of the set of operations
are written once in the program and the part of program which needs to perform
an operation on ADT accomplishes this by invoking the required operation. If
there isaneed to change the implementation details of an ADT, the change will be
completely transparent to the programs using it. The data structures, namely, linked
lists, stacks, and queues are some examples of ADTS.

1.4 DATA STRUCTURES

The logical or mathematical model used to organize the data in main memory is
called a data structure. Various data structures are available, each having certain
special features. These features should be kept in mind while choosing a data
structure for a particular situation. Generally, the choice of a data structure depends
onits simplicityand effectiveness in processingof data. In addition, we also consider
how well it represents the actual relationship of the data in the real world. Data
structures are divided into two categories, namely, linear data structure and
non-linear data structure.

1.4.1 Linear Data Structures

A linear data structure is one in which its elements form a sequence. It means each
element in the structure has a unique predecessor and a unigue successor. An
array is the simplest linear data structure. Various other linear data structures are
linked into lists, stacks, and queues.

Arrays

Afinite collection of homogenous elements istermed as an array. Here, the word
‘homogenous’ indicates that the data type of all the elements in the collection
should be same, that is, int or char or float or any other built-in or user-defined
data type. However, an array cannot have elements of two or more data types
together.
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The elements of an array are always stored inacontiguous memorylocations
irrespective of the array size. The elements of an array can be referred to by using
one or more indices or subscripts. An index or a subscript is a positive integer
value which indicates the position of a particular element in the array. If the number
of subscripts required to access any particular element of an array is one, then it is
called a, single-dimensional array. Otherwise, it is a multi-dimensional array.
A multi-dimensional array can be a two-dimensional array or even more.

Consider a single-dimensional array Arr with size n, where n is the
maximum number of elementsthat Arr canstore. Mathematically, the elements
of Arr are denoted as Arr,, Arr,, Arr,,.., Arr_ . In different
programming languages, array elements are denoted by different notations such
as by parenthesis notation or by bracket notation. Table 1.1 shows the notation of
elements of asingle-dimensional array Arr withsize nindifferent programming
languagesas follows:

Table 1.1 Different Notations of a Single-dimensional Array

S. Number Notation Programming
Language(s)

1 Arr (1), arr(2), | BASIC and
Arr(3), ., | FORTRAN
Arr (n)

2 Arr[1], Arr[2], PASCAL
Arr[3], ’
Arr[n]

3 Arr(0], arr(1], | C, C++andJava
Arr[2], wy
Arr[n-1]

Note that inthe languages, BASIC, PASCAL, and FORTRAN, the smallest
subscript value is 1 and the largest subscript value is n. On the other hand, in
languages like C, C++ and Java, the smallest subscript value is 0 and the largest
subscript value isn-1. In general, the smallest subscript value that is used to
access an array element is the lower bound (L) and the largest subscript value
thatis used is upper bound (U, ) .

In two-dimensional arrays, the elements can be viewed as arranged in the
form of rows and columns (matrix form). To access an element of a two-
dimensional array, two subscripts are used—first one represents the row number
and second one represents the column number. For example, consider a two-
dimensional array Arr with size m*n, where m and n represent the number of
rows and columns, respectively. Mathematically, the array Arr is denoted as
Arr, ., whereiand j indicate the row numbers and the column number with
i<=m and j<=n. Table 1.2 shows the notation of elements of a two-dimensional
arrayArr in different programming languages as follows:



Table 1.2 Different Notations of Two-dimensional Array

S. Number Notation Programming
Language(s)
1 Arr(i, j) with | BASIC and
0<i<=m and 0<j<=n FORTRAN
2 Arr[i, 3] with [ PASCAL
0<i<=m and 0<j<=n
3 Arr[i][j] with | C, C++and Java
0<=i<m and 0<=j<n

Linked lists

Another commonly used linear data structure isa linked list. Alinked listisa linear
collection of similar data elements, called nodes, with each node containing some
data and pointer(s) pointing to other node(s) in the list. Nodes of a linked list are
not constrained to be at contiguous memory locations; instead they can be stored
anywhere in the memory. The linear order of the list is maintained by the pointer
field(s) ineach node.

Depending onthe pointer field(s) ineach node, linked lists can be of different
types. If each node of a linked list contains only one pointer and it points to the next
node, thenitis called a linear linked list or singly linked list. In such type of lists, the
pointer field in the last node contains NULL. However, if the pointer in the last node
ismodified to pointto the firstnode of the list, then it is called a circular linked list.

In addition to the pointer to the next node, each node of a linked list can also
contain a pointer to its previous node. This type of a linked list is called doubly
linked list. Figure 1.1 shows a singly, circular, and doubly linked list with five
nodes each as follows:

Start

] [ [ e [ [

Start (@) Singly Linked List

e [ [ o [

Start (b) Circular Linked List

(e e D e Y e P O

(c) Doubly Linked List

Fig. 1.1 Various Types of Linked Lists

Note: One major reason behind the popularity of linked lists is that it can expand or
shrink during its life.
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As mentioned earlier, linked lists allow the elements of the list to be stored non-
contiguously. Thus, in order to access an element in the list, one has to start with
the first node and follow the pointers in the nodes until the required element is
found or till the end of list. In other words, linked lists allow onlysequential access
to their elements, meaning, in order to access the n** node of the list, the n-1
preceding nodes need to be traversed.

Stacks and queues

Astack is a linear list of data elements in which the addition of a new element or
the deletion of an element occurs only at one end. This end is called, ‘Top’ of the
stack. The operation of adding a new element in the stack and deleting an element
from the stack is called push and pop respectively. Since the addition and deletion
of elements always occurs at one end of the stack, the last element that is pushed
onto the stack is the first one to come out. Therefore, a stack is also known as a
Last-In-First-Out (LIFO) list. Figure 1.2 shows a stack with five elements and
the position of top as follows:

-Top

A

O
I
T
e
T

Fig. 1.2 A Stack with Five Elements

A queue is a linear data structure in which the addition or insertion of a new
element occurs at one end, called ‘Rear’, and deletion of an element occurs at
other end, called ‘Front’. Since the insertion and deletion occur at opposite ends
of the queue, the first element that is inserted in the queue is the first one to come
out. Therefore, aqueue is also called a First-In-First-Out (FIFO) list. Figure
1.3 shows a queue with five elements and the position of Front and Rear as follows:

Front Rear

L 2 ¥

‘H’ 6E5 ‘L’ €L7 607

Fig. 1.3 A Queue with Five Elements

1.4.2 Non-Linear Data Structures

A non-linear data structure is one in which its elements do not form a sequence. It
means, unlike a linear data structure, each element is not constrained to have a



unique the predecessor and a unique successor. Trees and graphs are the two
data structures which come under this category. These data structures have been
discussed in the subsequent paragraphs.

Trees

Many-a-times, we observe a hierarchical relationship between various data
elements. This hierarchical relationship between data elements can be easily
represented using a non-linear data structure called trees. Atree consists of multiple
nodes, with each node containing zero, one or more pointers to other nodes called
child nodes. Each node of a tree has exactly one parent except a special node at
the top of the tree called a root node. An example tree with Aas the root of the
tree isshown in Figure 1.4 as follows:

o <4+—Root
OCY
D ©

Fig. 1.4 An Example Tree

In this tree, the root node has two child nodes B and C. In turn, the node B has
three child nodes D, E and F, and the node C has one child G. The nodes D, E, F,
and G have no child. The nodes without any child node are called external nodes
or leaf nodes, whereas, the nodes having one or more child nodes are called
internal nodes.

Graphs

Formally, a graph G(V, E) consists of a pair of two non-empty sets V and E,
where V is a set of vertices or nodes and E is a set of edges. The graph is used to
represent the non-hierarchical relationship among pairs of data elements. The data
elements become the vertices of the graph and the relationship is shown by edges
between the two vertices. For example, assume four places W, X, Y, and Z such
that

There exists some path from XtoY, X toW, Y,toW, YtoZ,and ZtoW.
There is no direct path from X to Z.

We can simply represent this situation using a graph where the places W, X, Y,
and Z are represented as the nodes of the graph and a path from one place to
another place is represented by an edge between them (see Figure 1.5).

Introduction to Data
Structure

NOTES

Self-Instructional
Material 7



Introduction to Data
Structure

NOTES

Self-Instructional
8 Material

Fig. 1.5 An Example Graph

It is clear from Figure 1.5, that each node can have links with multiple other nodes.
This analogy suggests a that itis similar to atree, however, unlike trees, there is no
root node in a graph. Further, graphs show relationships which may be non-
hierarchical in nature. It means there is no parent and child relationship. But, atree
can be considered as a variant or a special type of graph.

1.5 OPERATIONS ON DATA STRUCTURES

As discussed earlier, the data needs to be processed by applying certain operations
on it. Different data structures allow us to perform different types of operations on
the data stored in them. The operations that need to be performed frequently on
the data play an important role in the choice of a data structure for a particular
situation. In this section, we will discuss various operations that can be performed
on the data structures. They are listed as follows:

» Traversing: It meansaccessing all the data elements one by one to process
all or some of them. For example, if we need to count or display the elements
in adata structure, then traversing needs to be done.

 Searching: Itis the process of finding the location of a given data element
in the data structure. This operation involves one or more condition(s), and
locates all the elements that satisfy the condition(s). If no element in the
structure satisfies the condition(s), then the appropriate message is displayed.

e Insertion: It means adding a new data element in the data structure. Anew
element can be inserted anywhere in the structure, such as in the beginning,
intheend, or inthemiddle. Insertion in the beginning or in the end is usually
simple or straightforward. However, inserting an element somewhere in the
middle requires specifying the location or the data element after (or before)
which the insertion isto be done.



 Deletion: It means removing any existing data element from the data
structure. Deletion can be performed anywhere in the structure, in the
beginning, intheend, or inthe middle. Deleting an element mayinvolve first
locating it by applying the search operation and then deleting it.

« Sorting: Itisthe process of arranging all the elements of a data structure in
a logical order such as ascending or descending order. There are various
methods that can be applied for sorting the elements.

e Merging: Itis the process of combining the elements of two sorted data
structures into a single sorted data structure. Note that both the structures
to be merged should be similar.

1.6 ALGORITHMS

In general, a problem may be defined as a state of mind of living beings to which
they are not satisfied. Out of these problems, some of them can be solved with the
use of computers.Asolution to anysolvable problem may be defined as a sequence
of steps which when followed with the available (or allowed) resources lead to the
satisfactory situation. A description of such a sequence of steps in some specific
notationiscalledanalgorithm.

Formally, an algorithm refers to a finite set of steps, when followed, solves
a particular problem. Here, the word ‘finite’ means that the algorithm must terminate
after performing a finite number of steps. An algorithm that goes on performing a
set of steps infinitely is not of any use. Other than finiteness, an algorithm must
have the following characteristics:

« Itmusttake some input values supplied externally.
e Itmust produce some result or output.

« Itmust be definite, which means that all the steps in the algorithm must
be clear and unambiguous.

« It must be effective, which means each step in the algorithm must be
simple and basic so that any person can carry out these steps easily and
effectively by using a pen and paper.

1.7 ALGORITHM DESIGN TECHNIQUES

There are various techniques which can be used for designing algorithms. Some
commonly used algorithm design techniques have been discussed in this section.

1.7.1 Brute Force Algorithm

Brute force is a general technique which is used for finding solutions to various
problems. In this technique, all possible candidates for the solution are listed and
then examinedto check whether each candidate satisfies the problem. For example,
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to find the factors of a natural number n, it will determine the number of integers
from 1 to n and then check all possible combinations of integers from 1 to n, that
will form aproduct (equivalent to number n) when multiplied together.

There are various algorithms where brute force technique can be applied;
some of which are selection sort, pattern matching in strings, knapsack problem,
and travelling salesman problem. Let us discuss how this technique is used in
pattern matching. Pattern matching is the process of determining whether a given
pattern of string (say, P) occurs in another string (say, S) or not, provided the
length of string P is not greater than that of S. In other words, pattern matching
determines whether or not P is a sub-string of S. Using this algorithm, the string S
is scanned character by character. Starting from the first character, each character
of S is compared with the first character of P. When the match for the first character
is found, the next character from the pattern string P is compared with the character
adjacent to the searched character in string S. This process continues till the
complete pattern string is found. If the next character does not match, string S is
searched again for other occurrences of the first character and also the subsequent
characters of the pattern string P in the similar manner. This process continues until
amatch is found or the end of pattern string P is reached. If amatch is found, this
algorithm returns the position in S where the pattern string P occurs. For example,
consider a pattern string P=*“ways” that is to be searched in string S = “hard
work always pays”, then this algorithm will return 13 as result.

The main advantage of brute force is that it is simple to implement. The
algorithm will definitely find a solution if it exists, since it examines all possible
solutions to a problem. However, the execution time of this algorithm is directly
proportional to the number of solutions, that is, it increases rapidlywith an increase
in the size of the problem. Therefore, it is used in situations where the size of the
problem is small or when some problem-specific heuristics are available that can
be used to limit the number of possible solutions to a controllable size. Itis also
used as a baseline (an imaginary standard by which things are measured or
compared) method to develop heuristics for other search algorithms.

1.7.2 Divide and Conquer

The divide and conquer technique is one of the widely used technique is to develop
algorithms will for problems which can be divided into sub-problems (smaller in
size but similar to the actual problem) so that they can be solved efficiently. The
technique follows atop-down approach. To solve the problem, itrecursively divides
the problem into a number of sub-problems, to the extent where they cannot be
sub-divided any further into more sub-problems. It then solves the sub-problems
to find solutions that are then combined together to form a solution to the actual
problem.

Some of the algorithms based on this technique are sorting, multiplying large
numbers, syntactic analysis, etc. For example, consider the merge sort algorithm



that uses the divide and conquer technique. The algorithm is composed of steps,
which areas follows:

Step 1: Divide the n-element list, into two sub-lists of n/2 elements each, such that
both the sub-lists hold half of the element in the list.

Step 2: Recursivelysort the sub-lists using merge sort.
Step 3: Merge the sorted sub-lists to generate the sorted list.

Note that the merging of sub-lists starts, onlywhen the length of sorted sub-
lists (through recursive application) reach to 1. At this point, two sub-lists each of
length 1 are merged (combined) by placing all the elements of the listin a sorted
order.

1.7.3  Dynamic Programming

Dynamic programming is atechnique that is generallyused for solving optimization
problems where the best (optimal) solution out of the available possible solutions
is to be found. One example of such a problem is the shortest path problem where,
if a person in city X has to reach city Z there would be many possible routes to
reach the city Z. The aimis to select the shortest route from all the available routes
S0 as to reach the destination in minimum possible time. Note that in the given
problem, all possible routes represent different solutions to the problem.

Usingdynamicprogramming, when the problemis solved, thereisa possibility
that sub-problems of the same type mayarise. The basic idea behind the technique
is that it stores the solutions to such sub-problems. This helps in repeated calculation
and hence, improves the efficiencyof the algorithm. The algorithms that are designed
using this technique consist of three steps, which are as follows:

 Dividing the problem into simpler sub-problems: The problem is
divided into sub-problems, such that each sub-problem has a similar
structure tothe original problem.

« Finding optimal solutions to sub-problems: The solution toan original
problem is computed by combining the solutions of the sub-problems.
Therefore, for finding optimal solution to the original problem, the
solutions to sub-problems should also be optimal.

« Storing solutions to overlapping sub-problems: The identified sub-
problems consist of either unrelated sub-problems (each having an
independent solution) or common sub-problems (having similar optimal
solution). The solutions to these sub-problems are stored in atable. So,
while finding optimal solutions, if any overlapping (recurring) sub-
problems are found, the solutions stored in the table can be used. This
increases the efficiency of the dynamic programming algorithm.

Note that dynamic programming applies a bottom-up approach to solve
the problem. That is, it first finds a solution to the simplest sub-instances of the
problem and then solves the more complex instances, using the results of earlier
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computed (sub) instances. Some of the well-known optimization problems where
the dynamic programming technique is used are knapsack problem, problem of
making change, shortest path problem, and chained matrix multiplication problem.

1.7.4 Greedy Algorithm

We have discussed the use of dynamic programming to solve optimization
problems. However, there are many optimization problems such as the famous
minimal spanning tree problem by Kruskal, minimum number of notes problem,
and activity-selection problem that can be solved more efficiently using a greedy
algorithm. As we know that the algorithm for optimization problems consist of
stages, havinga set of choices at each stage. The basic idea of the greedy technique
is to make locally optimal choices (i.e., the best choice at a particular stage) assuming
thatthese choices will result ina globally optimal solution.

The technique follows a top-down approach. To find solution to a problem,
sequence of choices is made recursively (based on minimum or maximum value
criterion) from the set of given choices at each stage. After a choice is made, the
problem reduces to a sub-problem (similar to the actual problem). The solution to
the actual problem is found by combining the sequence of choices that are made.

The greedytechnique does not always lead to an optimal solution. However,
the problems that are solvable using this technique are said to possess the greedy-
choice property.

1.8 TIME AND SPACE COMPLEXITY OF
ALGORITHMS

It is quite possible that there are one or more algorithms for solving a particular
problem. If there are, they must be carefully analysed before choosing any one
algorithm to be followed. The analysis of an algorithm gives us a general idea that
how long it will take to solve a particular problem and what resources are required
for it. Although, our aim is to choose the best algorithm, it is not always possible
because of limited resources. The two main resources we consider for an algorithm
are memory space and the processor time it requires.

Space complexity and time complexity are the two main measures for the
efficiency of analgorithm that is considered during analysis. The space complexity
of analgorithm is the maximumamount of memory space required by it at the time
of execution. Frequently, the memory space required by an algorithm is the multiple
of the size of input. On the other hand, the time complexity of an algorithm is the
amount of time required to execute it. Here, by time we are not referring to the
number of seconds or minutes required, instead it is a representation of the number
of operations to be performed while executing the algorithm. This is because, if
time foran algorithm is measured in seconds or in such time units on one computer,
then upon movingto a faster or slower computer, this analysis will become invalid.



While measuring the time for an algorithm, only significant operations are
taken into consideration. Significant operations are those operations which take
much time in execution. Moreover, the number of times that they are to be executed
gets affected significantly with change in the size of input. For example, at the time
of searchingalgorithms, the significant operation is comparison, which is performed
to check whether the value is the one we are searching for. The number of
comparisons increase with the size of the list in which the search is to be done.
Other operations, like prompting whether the search is successful or not, returning
the position of searched value, etc., are performed fixed number of times,
irrespective of the size of the list.

Note that in a search algorithm, the number of times that the comparison is
to be done is also affected bythe location of value to be searched in the list. If the
value is found at the first location then only one comparison needs to be done. This
is the best case for an algorithm, and in this case, it has to do the least amount of
work. On the other hand, if the value is found at the last location or is not present
inthe listatall, N comparisons will be required, where N is the size of the list. This
is the worst case for the algorithm, and in this case, it has to do maximum amount
of work. Another case that is also considered is an average case in which an
algorithm gives average, performance. For example, in the simplest search algorithm,
on an average, half the elements need to be compared.

Time-space tradeoff

The best or efficient algorithm is the one which utilizes minimum processor time
and requires minimum memoryspace during its execution. However, unfortunately,
it is not always possible to develop an algorithm which is efficient in terms of both
space and time. Therefore, while designing an algorithm, we may have to
compromise on one at the cost of the other.

Suppose, for a given problem, an algorithm is developed which takes S
amount of memory and utilizes T amount of processor time during its execution.
Note that S and T are not always as least as possible. However, the algorithm may
be modified to minimize T at the cost of some extramemory space. Similarly, the
algorithm may also be modified to minimize S at the cost of extra processor time.
Therefore, ifmemoryis the majorconstraint, then an algorithmwhich takes minimum
memory space can be chosen. On the other hand, if time is the major constraint,
then an algorithm which will utilize the minimum processor time can be chosen.
Since with modern computers, memory is not a constraint, we mainly focus on the
algorithms that utilize the minimum processor time, unless or otherwise stated.

1.9 BIG O NOTATION

In the analysis of algorithms, the growth factor plays an important role. This is
because it is quite possible that an algorithm will perform lesser number of operations
than the other when the size of input is small, however, many more when the size of
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input gets larger. Therefore, during the analysis of algorithms, we would not be
interested in determining the number of operations to be performed for some
specific input, say N. Instead, we are interested in determining the equation that
relates the number of operations to be performed to the size of the input. Once we
are ready with the equations for two algorithms, we can determine the rate at
which the equations will grow with growth in the size of input. Table 1.3 shows the
rate of growth for common standard functions with the increase in the input size.

Table 1.3 Rate of Growth for Common Standard Functions

Size of Input (n) | f(n) f(n) f(n°) (2" f(log,n) | f(n log,n)
1 1 1 1 2 0 0
5 5 25 125 32 2.3 11.6
10 10 100 1000 1024 3.3 33.2
20 20 400 8000 1048576 4.3 86.4
50 50 2500 | 125000 | 1125899906842624 5.6 282.2

From Table 1.3, itis clear that the function logn is the slowest growing function
and the function 2" is the fastest growing function. One can observe that the function
2" does not have much difference in the values with other functions when the size
of the input is small. However, as the input size grows, there becomes a huge
difference. To verify whether a function will grow faster or slower than the other
function, we have some asymptotic or mathematical notations, which are as follows:

e BigOmegaw (£) : Afunction £ (n) ISW (g (n) ), ifthere exists positive
values k and c such that £ (n)>= c*g(n), forall n>=k. This
notation defines a lower bound for a function £ (n) .

« Big Theta [Zf): Afunction f(n) is [Zh(n)), if there exists positive values k, c1,
and c, such that ¢, *g (n) <=£ (n) <=c,*g (n), for all n>=k. This
notation defines both a lower bound as well as an upper bound for a function
f(n).

e BigOh o (f): Afunction £ (n) iSO (g (n) ), if there exists positive
values k and c suchthat £ (n) <=c*g (n), forall n>=k. This notation
defines an upper bound for afunction £ (n) .

e Littleoh o (£): Afunction £ (n) iso (g (n),if £(n) iSO (g(n))
and £ (n) isnotw (g (n) ) (that means, there exists no positive values k
and c such that £ (n) >=c*g (n), forall n>=k.)

While comparing any two algorithms, the algorithm whose equation (that relates
to the number of operations to the size of the input) grows slowly than the other, is
considered better. It means that we are interested in finding that algorithm (out of
the two) whose equation is in the Big Oh of another one. Such algorithm will
definitely perform better than the other when the input size is large. To understand
this, suppose the equation for the first and second algorithmsare £ (n) = 14n?
+ 8n and g (n) = 5n°+3 respectively. In order to find which algorithm



works better, the values of £ (n) and g (n) are computed for some sample
values of n, which is shown in Table 1.4 as follows:

Table 1.4 Values of f(n) and g(n) for Sample Values of n

Value of n f(n) g(n)
1 22 8
2 72 43
3 150 138
4 256 323
5 390 628
6 552 1083

FromTable 1.4, itis clear that for all positive values of n>=4,thevalueof g (n)
is largerthan £ (n) . Itimpliesthat £ (n) isin O (g (n) ) forall n>=4. Since
computer programs generally deal with large number of values, the first algorithm
with complexity £ (n) = 14n?+ 8n ischosen, since it works better for all
n>=4.

These asymptotic notations also facilitate the recognition of essential
characters of acomplexity function through some simpler functions. For example,
consider the function £ (n) = 2n3+3n?+1. We know,

f(n) = 2n*+3n%+1
< = 2n°+3n°+1n® = 6n’foralln>=1
Itis foundthat £ (n) = O(n®) withc = 6and k = 1.It means that the
function £ (n) has essentially the same behaviour as that of n*, when the size of

n grows and becomes larger and larger. However, computing the value of n* is
much easier than computing the value of function £ (n) .

1.10 RECURRENCES

Recurrence can be described as is an equation or inequality that defines a function
in terms of its own values. It is used to express the complexity of algorithms. For
example, the recurrence for the merge-sort algorithm can be expressed as follows:

f(n): 'zl) if n =1
Bf(n/2) + n) ifn >1

Solving recurrences makes it easyto compare the complexityof anytwo algorithms.
The recurrence can be solved by using any of the following methods:

« Substitution method: In this method, a reasonable guess for the solution
ismadeand it is proved through mathematical induction.

» Recursion tree: In this method, recurrences are represented as a tree
whose nodes indicate the cost that is incurred at the various levels of
recursion.
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» Master method: This method is used to determine the asymptotic solutions
to recurrences of the specific form.

Let us see how recurrence can be solved through the master method. The master
method uses the master theorem, which is as follows:

Let a =l and b>1, g (n) isasymptotically positive and let £ (n) be defined
by
f(n) =af (n/b) + g(n)

Then £ (n) can be bounded asymptoticallyas follows:

1. If g (n) =0 (phwam) for some 20, then £ (n) =B fos2 )

2. Ifg(n) =B goa ), then f(n) =Rllg n).
3. If g (n) = @ g =B for some 20, and if ag (n/b) cg( n) forsome
constant c<1 and for all sufficiently large n, then £ (n) = [2lg (n

Ineach of the above three cases, the function £ (n) is compared withthe functlon
g (n) . While the above comparison, the following three cases may arise:

1. If the function n*°%2 is greater than g (n) , then the solutionis £ (n) =
& % 2).

2. If function is equal to g (n), then the solution is £ (n) = 2l1g n) =
2lg(n) 1g n) .

3. If function g (n) is greater than %2, then the solution is f (n) =
(g(n)) .

For example, consider the following recurrences:

(i) f(n) = 4f(n/2)+n
Here,a = 4, b = 2,andg(n) = n
Therefore,
%% = g% = Rln?) . Since, g (n) = 0 (n°**™ where 1,

apply the first case of the master theorem to conclude the solution. The
solutionis £ (n) = 2In?) .

(i) £(n) = £(3n/4)+1
Here,a = 1, b = 4/3,g(n) = 1

logy,a qu/4 0
Therefore, n = n ”~ n = 1. Since, g (n) = @)=
(1), apply the second case of the master theorem to conclude the

solution. The solutionis £ (n) = [2Zn 1g n) .
(iii) £ (n) = 4f(n/5) + n 1lg n
Here,a = 4, b= 5, g(n) = n 1g n
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n%% = 0 Since g(n) = A o= +7), where B0 .2, apply the
third case of the master theorem to conclude the solution. The solution is
f(n) = B(n 1lg n). NOTES

1.11 ANSWERS TO CHECK YOUR PROGRESS
QUESTIONS

1. Primitive datatypes are the data types provided by a programming language.

2. The basicidea of ADT is that the implementation of the set of operations
are written once in the program and the part of program which needs to
perform an operationon ADT.

3. Datastructures are divided into two categories, namely linear data structure
and non-linear data structure.

4. A linear data structure is one in which its elements form a sequence. It
means each element in the structure has a unique predecessor and a unique
successor.

5. Astackisallinear list of dataelements in which the addition of a new element
or the deletion of an element occurs onlyat one end.

6. Aqueueisalinear datastructure in which the addition or insertion of anew
element occurs at one end, called ‘Rear’, and deletion of an element occurs
at other end, called ‘Front’.

1.12 SUMMARY

» Each programming language provides various data types and each data
type is represented differently within the computer’s memory.

» The memory requirement of a data type determines the permissible range
of values for that data type.

 Thedatatypes can be classified into several categories, including primitive
data types and composite data types.

» Thedatatypes provided byaprogramming language are known as primitive
data types or in-built data types.
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In addition to primitive and composite data types, programming languages
allow the user to define new data types (or user-defined data types) as per
hisrequirements.

Generally, handlingsmallproblemsismucheasierthanhandlingcomparatively
larger problems.

The size of each module is kept as small as possible and if required, other
modules are invoked from it.

Second, a well-designed modular program has modules independent of
eachother’s, implementation, which will make the program easilymaodifiable.

An abstract data type (ADT) is an extension of a modular design in away
that the set of operations of an ADT are defined at a formal, logical level,
and nowhere in ADT’s definition, it is mentioned how these operations are
implemented.

The basic idea of ADT is that the implementation of the set of operations
are written once in the program and the part of program which needs to
perform an operation on ADT accomplishes this by invoking the required
operation.

Ifthere is a need to change the implementation details of an ADT, the change
will be completelytransparent to the programs using it.

The logical or mathematical model used to organize the data in main memory
is called adata structure.

These features should be kept in mind while choosing a data structure fora
particular situation.

The choice of a data structure depends on its simplicity and effectiveness in
processing of data.

Data structures are divided into two categories, namely, linear data structure
and non-linear datastructure.

A linear data structure is one in which its elements form a sequence. It
means each element in the structure has a unique predecessor and a unique
successor.

Afinite collection of homogenous elements is termed as an array.

The elements of anarrayare always stored ina contiguous memorylocations
irrespective of the array size.

A stack is a linear list of data elements in which the addition of a new
element or the deletion of an element occurs only at one end.

A queue isalinear datastructure in which the addition or insertion of anew
element occurs at one end, called ‘Rear’, and deletion of an element occurs
at otherend, called ‘Front’.

A tree consists of multiple nodes, with each node containing zero, one or
more pointers to other nodes called child nodes.
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1.13 KEY WORDS Structure

 Traversing: It means accessing all the data elements one by one to process
all or some of them. NOTES

« Substitution method: In this method, a reasonable guess for the solution is
made and it is proved through mathematical induction.

» Recursion tree: In this method, recurrences are represented as a tree
whose nodes indicate the cost that is incurred at the various levels of
recursion.

« Searching: Itis the process of finding the location of a given data element
inthe data structure.

« Insertion: It means adding a new data element in the data structure. Anew
element can be inserted anywhere in the structure, suchas in the beginning,
inthe end, or inthe middle.

« Deletion: It means removing any existing data element from the data
structure.

« Sorting: Itisthe process of arranging all the elements of a data structure in
alogical order such as ascending or descending order.

e Merging: Itis the process of combining the elements of two sorted data
structures into asingle sorted data structure.

1.14 SELF ASSESSMENT QUESTIONS AND
EXERCISES

Short-Answer Questions

1. Write a short note on abstract data types.

2. Write some points of differences between linear and non-linear data
structures.

3. What are the different operations on data structures?
Long-Answer Questions

1. “Thedatatypes provided bya programming language are known as primitive
data types or in-built data types. Different programming languages provide
different set of primitive data types.” Discuss in detail.

2. “Ifthere is a need to change the implementation details of an ADT, the
change will be completely transparent to the programs using it.” Explain.

3. Writeadetailed note on Algorithm Design Techniques.
4. What do you mean by time and space complexity of algorithms?
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1.16 LEARNING OUTCOMES

Understand composite data types

Linear and non-linear data structure

Abstract data types

Understand algorithms and their design techniques
Understand time and space complexity of algorithms
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2.0 INTRODUCTION

AnArray is a collection of variables that belong to the same data type. You can
also store groups of data of the same data type within an array. An Array might
belong to any of the data types. It is in fact a data structure which can store a
fixed-size collection of elements of the same data type. An array can also store a
collection of data, and can be called a collection of variables of the same kind. The
simplest type of a data structure is a linear array, which is also called a one-
dimensional array. In computer science, an array type is a data type that is meant
to describe a collection of elements. In this unit, you will learn about the arrays and
itskinds.

2.1 OBJECTIVES

After going through this unit, you will be able to:
+ Explainsingledimensional arrays
+ Analyze multi-dimensional arrays
« Discuss the memory representation of asingle-dimensional arrays
+ Describe the memory representation of atwo-dimensional array

2.2 ARRAYS (ORDERED LISTS)

Array is one of the data types that can be used for storing a list of elements. When
programmers want to store a list of elements under a single variable name, but still
want to access and manipulate an individual element of the list, then arrays are
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used. Arrays can be defined as a fixed-size sequence of elements of the same data
type. These elements are stored at contiguous memory locations and can be
accessed sequentially or randomly. The programmer can access a particular element
of an array by using one or more indices or subscripts. If only one subscript is
used then the array is known as a single-dimensional array. If more than one
subscript is used then the array is known as amulti-dimensional array.

2.2.1 Single-Dimensional Arrays

Asingle-dimensional array is defined as an array in which onlyone subscript value
Is used to access its elements. It is the simplest form of an array. Generally, asingle
dimensional arrayis denoted as follows:

array name [L:U]
where,
array name = the name of the array
L =the lower bound of the array
U =the upper bound of the array

Before usinganarray inaprogram, it needs to be declared. The syntax of declaring
asingle-dimensional array in C isas follows:

data type array name[size];

where,
data type =datatype of elements to be stored in array
array_name = name of the array

size =thesize of the array indicating that the lower bound of the
array is 0 and the upper bound is si ze—-1. Hence, the value of the
subscript ranges from0to size-1.

Forexample, inthe statement int abc [ 5], aninteger array of five elements is
declared and the array elements are indexed from 0 to 4. Once the compiler reads
asingle-dimensional array declaration, it allocates a specific amount of memory
for the array. Memory is allocated to the array at the compile-time before the
program is executed.

Initializing and accessing single-dimensional array

Anarray can be initialized in two ways. It can be done by declaring and initializing
it simultaneously or by accepting elements of the already declared array from the
user. Once an array is declared and initialized, the elements stored in it can be
accessed any time. These elements can be accessed by using acombination of the
name of an array and subscript value.

Example 2.1: Aprogram to illustrate the initialization of two arrays and display
theirelementsisas follows:

#include<stdio.h>

#include<conio.h>



#define MAX 5
void main ()
{
int A[MAX]={1,2,3,4,5};
int B[MAX], i;
clrscr();
printf (“Enter the elements of array B:\n”);
for (1=0;i<MAX;i++)
{
printf (“Enter the element: “);
scanf (“%d”, &B[i]);
}
printf (“Elements of array A: \n”);
for (i=0;i<MAX; i++)
printf (“&d\t”, A[i]);
printf (“\nElements of array B: \n”);
for (i=0;i<MAX; i++)
printf (“&d\t”, B[i]);
getch();
}
The output of the programis as follows:
Enter the elements of array b:
Enter a value: 6
Enter a value: 7
Enter a value: 8
Enter a value: 9
Enter a value: 10

Elements of array a:

1 2 3 4 5
Elements of array b:
6 7 8 9 10

Inthisexample, anarray Ais declared and initialized simultaneouslyand the elements
for the array B are accepted from the user, then the elements of both the arrays
are displayed.

Once an array is declared and initialized, various operations such as
traversing, searching, insertion, deletion, sorting, and merging can be performed
onan array. To perform any operation on an array, the elements of the array need
to be accessed. The process of accessing each element of an array is known as
traversal. Generally, the traversal of an array is performed from the element at
position 0 to element at position size-1.
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Algorithm 2.1 Traversing an Array |

i
2o
3o

traverse (ARR, size)

Set 1 = 0, sum = 0
Print “The elements of the array are:
While i < size //size indicates number of elements in the array
Print ARR[i]
Set sum = sum + ARR[1]
Set 1 =1 + 1

”

End While
Print “Sum of elements of an array: ”, sum
End

Example 2.2: Aprogram to illustrate the traversal of an array is as follows:

#include<stdio.h>
#include<conio.h>
#define MAX 10

/*Function prototype*/

void traverse(int [], int);

void main ()
{
int ARR[MAX];
int i, size;
clrscr();
printf (“Enter the number of elements in array:\n”);
scanf (“%d”, &size);
printf (“Enter the elements of the array:\n”);
for (1i=0;i<size;i++)
{
scanf (“%d”, &ARR[1]);
}
traverse (ARR, size);

getch();

/*Function to find the sum of the elements of matrix*/
void traverse (int ARR[], int size)
{

int i, sum=0;

printf (“The elements of the array are:\n”);

for (i=0;i<size;i++)

{



printf (“%d “, ARR[1i]);
sum+=ARR[1];
}

printf (“\nSum of elements of an array: %d”, sum);
}
The output of the programis as follows:
Enter the number of elements in array: 5
Enter the elements of the array:
12 23 34 45 56
The elements of the array are:
12 23 34 45 56

Sum of elements of an array: 170

2.2.2 Multi-Dimensional Arrays

Multi-dimensional arrays can be described as ‘arrays of arrays’. Amulti-dimensional
array of dimension nis a collection of elements, which are accessed with the help
of nsubscript values. Most of the high-level languages, including C, support arrays
with more than one dimension. However, the maximum limit of an arraydimension
is compiler dependent.

The syntax of declaring a multi-dimensional array in C is as follows:
element type array name[a] [b] [c] . [n];
where,
element type = the data type of array
array name = name of the array
[a]l [B][C] v [n] = array subscripts

The arrays of three or more dimensions are not often used because of their huge
memory requirements and the complexity involved in their manipulation. Hence,
only two-dimensional and three-dimensional arrays have been discussed in brief
inthisunit.

Two-dimensional arrays

Atwo-dimensional array is one in which two subscript values are used to access
an array element. They are useful when the elements being processed are to be
arranged in rows and columns (matrix form).

Generally, atwo-dimensional array is represented as as follows:
A[Lr : Ur, Lc : Uc]

where,
Lr and Lc = the lower bounds of a row and column, respectively
Ur and Uc = the upper bounds of a row and column, respectively
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The number of rows in a two-dimensional array can be calculated by using the
formula (Ur-Lr+1) and the number of columns can be calculated by using the
formula (Uc-Lc+1).

Like a single-dimensional array, a two-dimensional array also needs to be
declared first. The syntax of declaring atwo-dimensional array in C is as follows:

data type array name
[row size] [column size];

For example, in the statement int a[3] [3], aninteger array of three rows
and three columns is declared. Once a compiler reads a two-dimensional array
declaration, itallocates a specific amount of memoryfor this array.

Initializing and accessing two-dimensional arrays

Atwo-dimensional arraycan be initialized in two ways just like asingle-dimensional
array, i.e., by declaring and initializing the array simultaneously and by accepting
array elements from the user.

Once atwo-dimensional array is declared and initialized, the array elements
can be accessed anytime. Same as one-dimensional arrays, two-dimensional array
elements can also be accessed by using a combination of the name of the array
and subscript values. The only difference is that instead of one subscript value,
two subscript values are used. The first subscript indicates the row number and
the second subscript indicates the column number of a two-dimensional arrays.

Algorithm 2.2 Traversing a Two-Dimensional Array |
traverse (ARR, m, n)

1. Set 1 = 0, sum = 0 //sum stores sum of elements of two-dimensional
array
2. While i < m //m is number of rows in two-dimensional array
Set j = 0
While j < n //n is number of columns in two-dimensional arrayPrint
ARR[i] []]

Set sum = sum + ARR[1][]]
Set j = 3 + 1
End While
Set i =1 + 1
End While
3. Print “Sum of the elements of a matrix is : ”, sum
4. End

Example 2.3: Aprogram to illustrate the traversal of a matrix (two-dimensional
array) and finding the sum of its elementsis as follows:
#include<stdio.h>

#include<conio.h>

#define MAX 10

/*Function prototype*/

void traverse (int [] [MAX], int,int);

void main ()

{



int ARR[MAX] [MAX], i, j, m, n;
clrscr();

printf (“Enter the number of rows and columns of a
matrix A: “);

scanf (“%d%d”, &m, é&n);
printf (“Enter the elements of matrix A: \n”);
for (i=0;i<m; i++)
for (3=0;J<n; j++)
scanf (“%d”, &ARR[i][]J]);
traverse (ARR, m, n);
getch () ;
}
/*Function to find sum of elements of the matrix*/
void traverse(int ARR[] [MAX], int m, int n)
{
int i, Jj, sum=0;
printf (“Matrix A is: “);
for (i=0;i<m; i++)
{
printf (“\n”) ;
for (§=0;j<n; j++)
{
printf (“%d “, ARR[i][]j]);
sum=sum+ARR[1] [J];

}
printf (“\nSum of elements of a matrix is: %d”, sum);

}

The output of the programis as follows:

Enter the number of rows and columns of a matrix A: 3 3

Enter the elements of matrix A:

123

456

789

Matrix A is:

123

45 6

789

Sum of elements of a matrix is: 45
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Three-dimensional arrays

Acthree-dimensional array is defined as an array in which three subscript values
are used to access an individual array element. The three-dimensional array can

be

declared as follows:
int A[3]1[3]11[3];

Algorithm 2.3 Traversing a Three-Dimensional Array \

1.

2.

traverse (ARR)

Set 1 = 0, count = 0 //count is used to count the number of zeroes in
//three-dimensional array
While i < MAX //MAX is the size of three-dimensional array
Set j =0
While j < MAX
Set k =0
While k < MAX
If ARR[1][]J][k] = O
Set count = count + 1
End If
Set k =k + 1
End While
Set j = 3j +1
End While
Set 1 =1+ 1
End While
. Print “Number of zeroes in given array are: ”, count
. End

Example 2.4: A program to illustrate the traversal of a three-dimensional array

and to find the number of zeroes in it is as follows:

#include<stdio.h>

#include<conio.h>
#define MAX 3

/*Function prototype*/
void traverse (int [] [MAX] [MAX]);

void main ()
{
int ARR[MAX] [MAX] [MAX], i, J, k;
clrscr();
printf (“Enter the elements of an array A(3x3x3) :\n”);
for (1=0; i<MAX; i++)
for (3=0; J<MAX; j++)
for (k=0; k<MAX; k++)
scanf (“%d”, &ARR[1][7][k]);
traverse (ARR) ;
getch () ;



void traverse (int ARR[] [MAX] [MAX])
{

int i1, j, k, count=0;

for (1=0; 1<MAX; i++)

for (3=0; J<MAX; j++)
for (k=0; k<MAX; k++)
if (ARR[1] [J] [k]==0)
count++;

printf (“Number of zeroes in given array are: %d4d”,
count) ;

}
The output of the programis as follows:
Enter the elements of an array A(3x3x3):
123 045 067
073 205 608
204 507 690

Number of zeroes in given array are: 8

2.3 REPRESENTATION OF AN ARRAY

Allthe elements inan array are always stored next to each other. Also, the memory
address of the first element of an array is contained in the name of the array. The
memory location, where the first element of an array is stored, is known as the
base address, which is generally referred to by the name of the array.

2.3.1 Memory Representation of a Single-Dimensional Array

Each element in a single-dimensional array is associated with a unique subscript
value, starting from 0 to size-1. The subscript value for an element specifies its
position starting from the base address and the difference between the memory
addresses of two consecutive array elements is the size of an array’s data type.
Forexample, let us study a declaration as follows:

int A[5];

In this declaration, an integer array of five elements is declared. The array
name Arefers to the base address of the array. It must be noted that array elements,
inFigure 2.1 are indexed from0to 4.
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Subscript values

Base address A =1000 1002 1004 1006 1008
denoted by array — —~— —

name A Memory address

Fig. 2.1 Base Address and Subscript Values of an Array
Address calculation in a single-dimensional array

The base address of an array can be used to calculate the address of any element
inan array. The formula to calculate the address of an element of an array is as
follows:

Array[I] = Base + (I-L)*Size
where,
Array =name of an array
I =position of an array element whose address needs to be calculated
L=Ilower bound of an array
Base = base address of an array

Size =sizeof each element of an array, i.e., the number of bytes of
space occupied by the individual element of the array

Similarly, the length of an array, i.e., the number of elements in the array can be
calculated bythe formula:

Length of Array = U-L+1
where,

U = upper bound of an array

L = lower bound of an array

The concept of address calculation in asingle-dimensional array will be clear from
the examples as provided here.

Example 2.5: Calculate the address of the fourth element of a floating point
array af10] implemented in C. The base address of the array is 1000.
Solution: Here,

Base = 1000 size = 4 (size of a float variable)
I =3 L =0 (in C)
Substituting these values in the formula array[1] = Base + (I-L)*Size,

the required address can be calculated as follows :
Address of aA(3] = 1000 + (3-0) * 4

1000 + 12
1012




Example 2.6: Calculate the address of the element at the position —2 of an integer
array A[-4 .. 4]. The base address of the array is 2000. Also, calculate the
length of the array.
Solution: Here,
Base = 2000 Size = 2 (size of an integer variable)
I=-2 L=-4
Substituting these values in the formula Array [I] = Base + (I-L)*Size,
the required address can be calculated as follows:
Address of A[-2] = 2000 + (-2—(-4)) * 2
= 2000+ (—2+4)*2
=2000 +4
= 2004
The length of the array is calculated by the formula U-L.+1.
Here, U=4 and 1.=-4.
Hence, Length =4—(-4)+1=9
Thus, the array contains 9 elements.

2.3.2 Memory Representation of a Two-Dimensional Array

Two-dimensional arrays are represented in a linear form to enable the storage of
elements inthe contiguous memory locations. There are two ways in which atwo-
dimensional array can be represented in the linear form which are row-major
order and column-major order.

In a row-major order representation of a two-dimensional array, first the
elements of the first row are stored sequentially in the memory, then the elements
of the second row are stored sequentially, and so on, as represented in Figure 2.2.

Col 1 Col 2 Col 3
Row 1
2 3 Row 2 Row 3

J\_[ A . A

112|13(4(5]6]7]18]9

Row 1 1

Row2 | 4 | 5 6
Row3 | 7181 9

Fig. 2.2 Representation of a Two-Dimensional Array in Row-Major Order

In the column-major order of representation of a two-dimensional array, first the
elements of the first column are stored sequentially in the memory, then the elements
of the second column are stored sequentially, and so on, as represented in
Figure 2.3.

Col 1 Col 2 Col 3

Col 1l Col 2 Col 3

A A

Row2 | 4 | 5| 6
11417(2|5]|8]3|6]9
Row3 | 71 81| 9

Fig. 2.3 Representation of a Two-Dimensional Arrays in Column-Major Order
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Address calculation in a two-dimensional array
The address of any element of a two-dimensional array stored in the row-major
order can be calculated using the following formula:

A[I,J] = Base + Size*(c*(I-Lr) + (J-Lc))
where,

A =name of anarray

I, J = position of the element whose address has to be calculated

Base = base address of the two-dimensional array

Size =size of an individual elements of the array

C =number of columns in each row

Lr = lower bound of rows

Lc = lower bound of columns

To understand the concept of calculation of an address in a two-dimensional array
in the row-major order, a few examples have been provided here.

Example 2.7: If a two-dimensional array c(5 .. 10, -5 .. 9] is stored in a row-major
order, calculate the address of cis,-2] if the base address is 10 and each array element
requires 2 bytes of memory space.
Solution: Here,
1=8 J=— Base = 10 Size =2
Lr=5 ur =10 Lc=-5 Uc=9
c = (Uc-Lc+l) =(9-(-5)+1) =9+5+1 =15
Substituting these values in the formula a[1, 3] = Base + Size* (c* (I-Lr)+(J-Lc)), the
required address can be calculated as follows:
Address of c(8,-2] =10 + 2*(15*(8-5)+(-2—(-5))
=10 + 2*(15*3+3)
=10 +2*48
=10+96
=106
Example 2.8: The two-dimensional array a[5] (10] is stored in the memory using a row-
major order. Calculate the address of the element a (2] (3] if the base address is 150 and each
element requires 4 bytes of memory space.
Solution: Here (assuming array is represented in C),
1=2 Jg=3 Base = 150 Size =4
Lr=0 ur =4 Lc=0 Uc=9
c = (Uc-Lc+1) =(9-0+1) =10
Substituting these values in the formula A[1,J] = Base + Size* (c* (I-Lr)+(J-Lc)), the
required address can be calculated as follows:
Address of a[2] [3] =150 + 4*(10*(2-0)+(3-0))
=150 + 4*23
=150 +92
=242

The address of any element of a two-dimensional array stored in the column-
major order can be calculated using the following formula:

A[I,J] = Base + Size*((I-Lr) + r*(J-Lc))



where, Arrays
A =the array name
I, J =the position of the element whose address has to be calculated
Base =the base address of the two-dimensional array NOTES
S1ize =thesize of the individual elements of the array
r =the number of rows ineach column
Lr =the lower bound of rows
Lc =the lower bound of columns

To understand the concept of calculation in a two-dimensional array in a column-
major order, a few examples have been provided here.

Example 2.9: If a two-dimensional array cts .. 10, -5 .. 9] is stored in a column-
major order, calculate the address of c(s,-21 if the base address is 10 and each array
element requires 2 bytes of memory space.
Solution: Here,
1=8 Jg=-2 Base = 10 Size = 2
r=5 ur =10 Le=-5 uc=9
r = (Ur-Lr+l) = (1075‘*‘1) =6
Substituting these values in the formula ar1,J1 = Base + Size*((I-Lr) +r*(J-Lc)),
the required address can be calculated as follows:
Address of crs, -2] =10 + 2*((8-5)+6*(-2—(-5))
=10 + 2*(3+18)
=10 +2*21
=10+42
=52

Example 2.10: The two-dimensional array a(sj[io] is stored in memory using the
column-major order. Calculate the address of the element a[27 37 if the base address is 150
and each element requires 4 bytes of memory space.
Solution: Here (assuming array represented in C),
1=2 Jg=3 Base = 150 Size =4
1r=0 ur=4 Le=0 uc=9
r = (Ur-Lr+l) = (4—0+1) =5
Substituting these values in the formula A[1,J] = Base + Size* ((I-Lr)+r* (J-Lc)), the
required address can be calculated as follows:
Address of A[2] [3] =150 + 4*((2-0)+5*(3-0))
=150 + 4*17
=150 + 68
=218
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2.4

ANSWERS TO CHECK YOUR PROGRESS
QUESTIONS

. Asingle-dimensional array is defined as anarray in which onlyone subscript

value is used to access its elements.

. Two-dimensional arrays are represented inalinear form to enable the storage

of elements in the contiguous memory locations.

. To perform any operation on an array, the elements of the array need to be

accessed.

2.5

SUMMARY

Array is one of the data types that can be used for storing a list of elements.

Arrays can be defined as a fixed-size sequence of elements of the same
data type.

The programmer can access a particular element of an array by using one
or more indices or subscripts.

If only one subscript is used then the array is known as a single-dimensional
array.

Asingle-dimensional array is defined as an array in which onlyone subscript
value is used to access its elements.

Once an array is declared and initialized, various operations such as
traversing, searching, insertion, deletion, sorting, and merging can be
performed on an array.

To perform any operation on an array, the elements of the array need to be
accessed.

The process of accessing each element of an array is known as traversal.

Multi-dimensional arrays can be described as ‘arrays of arrays’.A multi-
dimensional array of dimension n is a collection of elements, which are
accessed with the help of n subscript values.

Most of the high-level languages, including C, support arrays with more
than one dimension.

Allthe elements in an array are always stored next to each other.

Each element in a single-dimensional array is associated with a unique
subscript value, starting from 0 to size-1.



Two-dimensional arrays are represented in a linear form to enable the storage
of elements in the contiguous memory locations.

There are two ways in which a two- dimensional array can be represented
in the linear form which are row-major order and column-major order.

In a row-major order representation of a two-dimensional array, first the
elements of the first row are stored sequentially in the memory, then the
elements of the second row are stored sequentially, and so on.

2.6

KEY WORDS

Base Address: It is the memory location, where the first element of an
array is stored.

Athree-dimensional array: Itis defined asan array in which three subscript
values are used to access an individual array element.

2.7

SELF ASSESSMENT QUESTIONS AND
EXERCISES

Short-Answer Questions

1. Write ashort note on single dimensional arrays.

2. Write in briefabout multi-dimensional arrays

3. Whatdo youmean bymemoryrepresentation ofasingle-dimensional arrays?
4. Describe the memory representation of atwo-dimensional array.

Long-Answer Questions

1. “Once an array is declared and initialized, various operations such as

traversing, searching, insertion, deletion, sorting, and merging can be
performed on an array.” Discuss. Also explain how can an operation be
performed on an array?

. Write aprogram to illustrate the traversal of an array.

3. “Multi-dimensional arrays can be described as ‘arrays of arrays’. Amulti-

dimensional array of dimension n is a collection of elements, which are
accessed with the help of n subscript values. “ Discuss.

. “Atwo-dimensional array is one in which two subscript values are used to

access an array element.” Discuss two-dimensional arrays in detail.

. Writeaprogram to illustrate the traversal of amatrix (two-dimensional array)

and finding the sum of its elements.
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2.9 LEARNING OUTCOMES

+ Explainsingledimensional arrays

+ Analyze multi-dimensional arrays

+ Discuss the memory representation of asingle-dimensional arrays
+ Describe the memory representation of a two-dimensional array
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UNIT 3 STACK

Structure

3.0 Introduction

3.1 Objectives

3.2 Stack Related Terms and Operations on Stack
3.3 Answers to Check Your Progress Questions
3.4 Summary

3.5 Key Words

3.6 Self Assessment Questions and Exercises

3.7 Further Readings

3.8 Learning Outcomes

3.0 INTRODUCTION

Astack is a linear data structure in which an element can be added or removed
only at one end called the top of the stack. In the terminology related to stacks,
the insert and delete operations are known as PUSH and POP operations
respectively. The last element added to the stack is the first element to be removed,
that is, the elements are removed in the opposite order in which they are added to
the stack. Hence, a stack works on the principle of last in first out, and is also
known as a last-in-firstout (L1FO) list. Inthis unit, you will learn about the stack
organisation and operations on stack.

3.1 OBJECTIVES

After going through this unit, you will be able to:
+ Discuss stack and its definition
« Explainthe various stack related terms
+ Analyze the operations on stack

3.2 STACK RELATED TERMS AND OPERATIONS
ON STACK

A stack can be organized (represented) in the memory either as an array or as a
singly-linked list. In both the cases, insertion and deletion of elements is allowed
onlyat one end. Insertion and deletion at the middle of an array or a linked list is
notallowed. Anarray representation of a stack is static, but linked list representation

NOTES

Self-Instructional
Material

Stack

37



Stack

38

NOTES

Self-Instructional
Material

isdynamicin nature. Though array representation is a simple technique, it provides
less flexibility and is not very efficient with respect to memory utilization. This is
because if the number of elements to be stored in a stack is less than the allocated
memory then the memory space will be wasted. Conversely, if the number of
elements to be handled bya stack is more than the size of the stack, then it will not
be possibleto increase the size of the stack to store these elements. In this section,
only the array organization of a stack will be discussed.

When a stack is organized as an array, a variable named Top is used to
point to the top element of the stack. Initially, the value of Top is set as -1 to
indicate an emptystack. Before inserting a new element onto a stack, itis necessary
to test the condition of overflow. Overflow occurs when a stack is full and there is
no space for a new element and an attempt is made to push a new element. If a
stack is not full then the push operation can be performed successfully. To push an
item onto a stack, Top is incremented by one and the element is inserted at that
position.

Similarly, before removing the top element from the stack; it is necessaryto
check the condition of underflow. Underflow occurs when a stack is empty and
an attempt is made to pop an element. If a stack is not empty, POP operation can
be performed successfully. To POP (or remove) an element from a stack, the
element at the top of the stack is assigned to a local variable and then Top is
decremented by one.

The total number of elements in a stack at a given point of time can be
calculated from the value of Top as follows:

number of elements=Top + 1
Figure 3.1 shows an empty stack with size 3and Top =-1.

Empty
stack

—
Top=-1

Fig. 3.1 An Empty Stack

Toinsertan element 1 in astack, Top is incremented by one and the element 1 is
stored at stack[ Top]. Similarly, other elements can be added to the same stack
until Top reaches 2, as shown in Figure 3.2. To POP an element from the stack
(dataelement 3), Top is decremented by one, which removes the element 3 from
the stack. Similarly, other elements can be removed from the stack until Topreaches
—1. Figure 3.2 shows different states of stack after performing PUSH and POP
operationsoniit.



— 2

Top=1
E— 1 1

Top=0

(a) Stack after pushing the element 1 (b) Stack after pushing the element 2

e 3
Top= 2
2
1

(c) Stack after pushing the element 3

—> 2
Top=1

1 —> 1
Top=0

(d) Stack after popping the element 3 (e) Stack after popping the element 2

Empty
stack

2

1

0

—_—
Top=1

(f) Stack after popping the element 1

Fig. 3.2 Various States of Stack after Push and Pop Operations

To implement a stack as an array in C language, the following structure named
Stack needs to be defined as follows:

struct stack
{

int item[MAX];

/*MAX 1s the maximum size of the
array*/

int Top;

NOTES

Self-Instructional
Material

Stack

39



Stack

40

NOTES

Self-Instructional
Material

Algorithm 3.1 Push Operation on Stack |

push (s, element) //s is a pointer to stack

1. If s->Top = MAX-1 //checking for stack overflow
Print “Overflow: Stack is full!” and go to step 5

End If

2. Set s->Top = s->Top + 1 //incrementing Top by 1

3. Set s->item[s->Top] = element //inserting element in the stack

4. Print “WValue is pushed onto the stack..”

5. End

Algorithm 3.2 Pop Operation on Stack |

pop (s)
1. If s->Top = -1 //checking for stack underflow

Print “Underflow: Stack is empty!”

Return 0 and go to step 5

End If

2. Set popped = s->item[s->Top] //taking off the top element from the stack
3. Set s->Top = s->Top - 1 //decrementing Top by 1
4. Return popped
5. End

Example 3.1: Aprogram to implement astack as an array is as follows:
#include<stdio.h>
#include<conio.h>
#define MAX 10
#define True 1
#define False 0
typedef struct stack

{
int item[MAX];
int Top;

}stk;

/*Function prototypes*/
volid createstack(stk *); /*to create an empty stack*/

void push(stk *, int);
onto the stack*/

/*to push an element

int pop(stk *); /*to pop the top element from
the stack*/

int isempty(stk *);
condition*/

int isfull(stk *); /*to check for the
overflow condition*/

/*to check for the underflow

void main ()

{
int choice;
int value;
stk s;

createstack (&s);



\\) .
’

}

do/{
clrscr();
printf (“\n\tMain Menu”);
printf (“\nl. Push”);
printf (“\n2. Pop”);
printf (“\n3. Exit\n”);
(

\

printf (“\nEnter your choice: “);
scanf (“%d”, &choice);
switch (choice)

{

case 1: printf (“\nEnter the value to be inserted:

scanf (“$d”, &value);
push (&s, value);
getch () ;
break;
case 2: value=pop (&s);
if (value==0)
printf ("\nUnderflow: Stack is empty!”);
else
printf (“\nPopped item is: %d”, value);
getch () ;
break;
case 3: exit();
default: printf (“\nInvalid choice!”);
}
}while (1) ;

void createstack(stk *s)

{

}

s->Top=-1;

void push(stk *s, int element)

{

if (isfull(s))
{
printf (“\nOverflow: Stack is full!”);

return;

}
s—=>Top++;
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int

int

int

}

s->item[s->Top]l=element;

printf (“\nvValue is pushed onto the stack..

pop(stk *s)

int popped;
if (isempty(s))

return 0;
popped=s->item[s->Top];
s-=>Top—;
return popped;

isempty(stk *s)

if (s->Top==-1)
return True;

else return False;

isfull (stk *s)

if (s->Top==MAX-1)

return True;

else return False;

The output of the programis as follows:

Main Menu

1. Push

2. Pop

3. Exit

Enter your choice: 1

Enter the value to be inserted: 23

Value is pushed onto the stack...

1.
2.
3.

Main Menu
Push
Pop
Exit

Enter your choice: 1

Enter the value to be inserted: 35

Value is pushed onto the stack...

1.

Main Menu

Push

II) .
. ’



2. Pop
3. Exit

Enter your choice: 1

Enter the value to be inserted:

40

Value is pushed onto the stack...

Main Menu

1. Push
2. Pop
3. Exit

Enter your choice: 2
Popped item is: 40

Main Menu

1. Push
2. Pop
3. Exit

Enter your choice: 2

Popped item is: 35

Main Menu

1. Push
2. Pop
3. Exit

Enter your choice: 2
Popped item is: 23

Main Menu

1. Push
2. Pop
3. Exit

Enter your choice: 2
Underflow: Stack is empty!

Main Menu

1. Push
2. Pop
3. Exit

Enter your choice: 3
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3.3

ANSWERS TO CHECK YOUR PROGRESS
QUESTIONS

. Astack can be organized (represented) in the memory either as an array or

asasingly-linked ist.

. ToPOP (or remove) an element from a stack, the element at the top of the

stack is assigned to a local variable and then Top is decremented by one

3.4

SUMMARY

A stack can be organized (represented) in the memory either as an array or
asasingly-linked ist.

Though array representation is asimple technique, it provides less flexibility
and is not very efficient with respect to memory utilization.

When a stack is organized as an array, a variable named Top is used to
point to the top element of the stack.

An array representation of a stack is static, but linked list representation is
dynamicinnature

When a stack is organized as an array, a variable named Top is used to
point to the top element of the stack. Initially, the value of Top issetas-1to
indicate an empty stack.

Overflow occurs whenastack is full and there is no space for a new element
and an attempt is made to push a new element.

When a stack is organized as an array, a variable named Top is used to
point to the top element of the stack.

Similarly, before removing the top element from the stack, it is necessaryto
check the condition of underflow.

To POP (or remove) an element from a stack, the element at the top of the
stack is assigned to a local variable and then Top is decremented by one.

3.5

KEY WORDS

Overflow: It occurs when a stack is full and there is no space for a new
element and an attempt is made to push a new element.

Stack: It is an abstract data type that serves as a collection of elements,
with two principal operations: push, which adds an element to the collection,
and pop, which removes the most recently added element that was not yet
removed.



3.6 SELF ASSESSMENT QUESTIONS AND
EXERCISES

Short-Answer Questions

1. What is astack?

2. How isastack organized?

3. What do you mean by overflow in a stack?
Long-Answer Questions

1. Write aprogram to implement a stack as an array.
2. How can you insert elements inastack? Explain.
3. Write anote on the operations on stack.
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3.8 LEARNING OUTCOMES

+ Stack and its definition
+ Thevarious stack related terms
+ The operations on stack
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UNIT 4 REPRESENTATION OF
STACK

Structure

4.0 Introduction
4.1 Obijectives
4.2 Application and Implementation of Stack
4.2.1 Converting Infix Notation to Postfix and Prefix or Polish Notations
4.3 Answers to Check Your Progress Questions
4.4 Summary
4.5 Key Words
4.6 Self Assessment Questions and Exercises
4.7 Further Readings
4.8 Learning Outcomes

4.0 INTRODUCTION

In the previous unit, you have learnt about stacks. This unit will teach you about
representation of stacks.A stack is an abstract datatype and it serves asa collection
of elements, with two primary principal operations: push, and pop. Push adds an
element to the collection and pop removes the most recently added element. As
you go through this unit, you will be able to discuss the application and
implementation of stacks.

41 OBJECTIVES

After going through this unit, you will be able to:
« Explain what are stacks
+ Discussthe application of stacks
+ Analyse the implementation of stacks

4.2 APPLICATION AND IMPLEMENTATION OF
STACK

Stacks are used where the last-in-first-out principle is required like reversing strings,
checking whether the arithmetic expression is properly parenthesized, converting
infix notation to postfix and prefix notations, evaluating postfix expressions,
implementing recursion and function calls, etc. This section discusses some of
these applications.



Reversing Strings

Asimple application of stacks is reversing strings. To reverse astring, the characters
of a string are pushed onto a stack one by one as the string is read from left to
right. Once all the characters of the string are pushed onto the stack, they are
popped one by one. Since the character last pushed in comes out first, subsequent
POP operations result in reversal of the string.

For example, to reverse a string ‘REVERSE’, the string is read from left to
rightand its characters are pushed onto a stack, starting from the letter R, then E,
V, E, and so on, as shown in Figure 4.1.

Result=E Result=ES Result=ESR Result=ESREVER
Top Pop
» E |— Pop
S TOp S
Reverse . “Top Pop
| R R .| R |
Push to stack E E E op* £
ush to stac
V V V \Y
E E E E
R R R R
Stack Stack Stack Stack Top=—1 Stack

Fig. 4.1 Reversing a String using a Stack

Once all the letters are stored in a stack, they are popped one by one. Since the
letter at the top of the stack is E, it is the first letter to be popped. The subsequent
POP operations take out the letters S, R, E, and so on. Thus, the resultant string is
the reverse of original one as shown in Figure 4.1.

Algorithm 4.1 String Reversal Using Stack

reversal (s, str)

1. Set 1 =0
2. While(i < length of str)
Push str[i] onto the stack
Set i =1 + 1
End While
3. Set i =0
4. While(i < length of str)
Pop the top element of the stack and store it in str[i]
Set i =1 + 1
End While
5. Print “The reversed string is: ”, str
6. End

Example 4.1: Thefollowing is a program to reverse a given string using stacks:
#include<stdio.h>
#include<conio.h>
#include<string.h>
#define MAX 101
typedef struct stack

Representation of Stack
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char item[MAX];

int Top;
}stk;
/*Function prototypes*/
void createstack(stk *);
void reversal(stk *, char *);
void push(stk *, char);
char pop(stk *);
void main ()
{

stk s;

char str[MAX];

int 1i;

createstack (&s);

clrscr();

do

{

printf (“Enter any string (max %d characters):

MAX-1) ;
for (i=0;i<MAX;i++)
{
scanf (“%c”, &str([i]);
if(str[i]l=="\n")
break;
}
str[i]="\0";
}while (strlen(str)==0);
reversal (&s, str);
getch () ;
}
/*Function definitions*/
void createstack(stk *s)
{
s->Top=-1;
}
void reversal (stk *s, char *str)
{
int i;
for (i=0;i<strlen(str);i++)



push (s, strl[i]);
for (1i=0;i<strlen(str) ;i++)
str[i]=pop(s);
printf (“\nThe reversed string is: %s”, str);
}
void push(stk *s, char item)
{
s->Top++;
s->item[s->Top]=item;
}
char pop(stk *s)
{
char popped;
popped=s->item[s->Top];
s->Top—;
return popped;

}
The output of the programis as follows:

Enter any string (max 100 characters): Hello World

The reversed string is: dlroW olleH

4.2.1 Converting Infix Notation to Postfix and Prefix or Polish Notations

Another important application of stacks is the conversion of expressions from infix
notation to postfix and prefix notations. The general way of writing arithmetic
expressions isknown as infix notation where the binary operator is placed between
two operands on which it operates. For simplicity, expressions containing unary
operators have been ignored. For example, the expressions ‘a+b’ and ‘(a—)*d’,
‘[(atb)*(d/f)—f] are in infix notation. The order of evaluation of these expressions
depends on the parentheses and the precedence of operators. For example, the
order of evaluation of the expression ‘(a+b)*c’ is different from that of ‘a+(b*c)’.
As aresult, it is difficult to evaluate an expression in an infix notation. Thus, the
arithmetic expressions in the infix notation are converted to another notation which
can be easily evaluated by a computer system to produce a correct result.

A Polish mathematician Jan Lukasiewicz suggested two alternative notations
to represent an arithmetic expression. In these notations, the operators can be
written either before or after the operands on which they operate. The notation in
which an operator occurs before its operands is known as the prefix notation
(also known as Polish notation). For example, the expressions ‘+ab’ and ‘*—
acd’ are in prefix notation. On the other hand, the notation in which an operator
occurs after its operands is known as the postfix notation (also known as
Reverse Polish or suffix notation). For example, the expressions ‘ab+’ and
‘ac—d*’ are in postfix notation.
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A characteristic feature of prefix and postfix notations is that the order of
evaluation of expression is determined bythe position of the operator and operands
in the expression. That is, the operations are performed in the order in which the
operators are encountered in the expression. Hence, parentheses are not required
for the prefix and postfix notations. Moreover, while evaluating the expression,
the precedence of operators is insignificant. As a result, they are compiled faster
than the expressions in infix notation. Note that the expressions inan infix notation
can be converted to both prefix and postfix notations. The subsequent sections
will discuss both the types of conversions.

Conversion of infix to postfix notation

To convert an arithmetic expression from an infix notation to a postfix notation, the
precedence and associativity rules of operators should always kept in mind. The
operators of the same precedence are evaluated from left to right. This conversion
can be performed either manually (without using stacks) or by using stacks.
Following are the steps for converting the expression manually:

(1) Theactual orderofevaluation ofthe expression in infix notation is determined.
This is done by inserting parentheses in the expression according to the
precedence and associativity of operators.

(i) Theexpression intheinnermost parentheses is converted into postfix notation
by placing the operator after the operands on which it operates.

(i) Step 2 is repeated until the entire expression is converted into a postfix
notation.

For example, to convert the expression *a+b*c’ into an equivalent postfix
notation, the steps will be as follows:

(i) Since the precedence of * is higher than +, the expression b* c has to be
evaluated first. Hence, the expression is written as follows:

(a+ (b*c))

(i) The expression in the innermost parentheses, that is, b*c is converted
into its postfix notation. Hence, itis written as bc*. The expression now
becomesas follows:

(atbc¥*)

(i) Now the operator + has to be placed after its operands. The two operands
for + operator are a and the expression bc *. The expression now becomes
asfollows:

(abc*+)
Hence, the equivalent postfix expression will be as follows:
abc*+
When expressions are complex, manual conversion becomes difficult. On

the other hand, the conversion of an infix expression into a postfix expression is
simple when it isimplemented through stacks. In this method, the infix expression



is read from left to right and a stack is used to temporarily store the operators and
the left parenthesis. The order in which the operators are pushed on to and popped
from the stack depends on the precedence of operators and the occurrence of
parentheses in the infix expression. The operands in the infix expression are not
pushed on to the stack, rather they are directly placed in the postfix expression.
Note that the operands maintain the same order as in the original infix notation.

Algorithm 4.2 Infix to Postfix Conversion

infixtopostfix (s, infix, postfix)

1. Set i =0
2. While (i < number of symbols_in infix)
If infix[i] is a whitespace or comma
Set 1 =1 + 1 and go to step 2
If infix[i] is an operand, add it to postfix
Else If infix[i] = ‘(’, push it onto the stack
Else If infix[i] is an operator, follow these steps:

i. For each operator on the top of stack whose precedence is greater
than or equal to the precedence of the current operator, pop the
operator from stack and add it to postfix

ii. Push the current operator onto the stack

Else If infix[i] = ')’, follow these steps:

i. Pop each operator from top of the stack and add it to postfix
until ‘(’ is encountered in the stack

ii. Remove ‘(’ from the stack and do not add it to postfix

End If
Set i =1 + 1
End While
3. End

For example, consider the conversion of the following infix expression to a postfix
expression:

a- (b+c)*d/f
Initially, a left parenthesis © (”is pushed onto the stack and the infix expression is
appended with aright parenthesis, ) *. The initial state of the stack, infix expression
and postfix expression are shown in Figure 4.2.

laf-[([bf+fc)[*[d[/[f])]
Infix

Postfix

Stack

(

Fig. 4.2 Initial State of the Stack, Infix Expression, and Postfix Expression
infixisreadfrom leftto right and the following steps are performed:

1. The operand a is encountered, which is directly putto post fix.
2. The operator — is pushed on to the stack.
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N o o A~ W

. The left parenthesis * (” is pushed onto the stack.
. Thenextelementis b, which beingan operandis directly putto post fix.

+, being an operator, is pushed onto the stack.

. Next, cisputto postfix.

The next element is the right parenthesis “) * and hence, the operators at the
top of the stack are popped until “ (* is encountered in the stack. Till then,
the only operator in the stack above the “ (” is +, which is popped and put
to postfix. ‘< (’is popped and removed from the stack, as shown in
Figure 4.3(a). Figure 4.3(b) shows the current position of stack.

Stack
Stack status
lalbfc] |
[ I Postflx
P - [(fb[+fcf[~D [d]rf])]
( l l 1 l Infix
—
( Push to stack Pop + from stack
and remove ( (
(a) Postfix Expression when + is Popped (b) State of the Stack

11.
12.

Fig. 4.3 Intermediate States of Postfix and Infix Expressions and the Stack

. Then, the next element * is an operator and hence, it is pushed onto the

stack.

. Then, disputto postfix.
10.

The nextelementis /. Since the precedence of / issame as the precedence
of *, the operator * is popped from the stack and / is pushed onto the
stack, as shown in Figure 4.4.

The operand £ isdirectlyputto post £ ix afterwhich, ©) * is encountered.

Onreaching ‘) ’, the operators in stack before the next © (* is reached and
popped. Hence, / and — are popped and put to post fix as shown in
Figure4.4.



13. “ ("isremoved from the stack. Since the stack is empty, the algorithm is
terminated and post £ix isprinted.

Pop -

Pop / * ll

lalbfc|+[d[*[f[/[-] []]

postfix

stack

Lal-TIb[+[e[)[*[d]/[f])]

infix
"2l bl
Pop * and

- push / -—

pop * Pop/
¢ push to stack ang and -
push /

Fig. 4.4 The State when — and / are Popped

The step-wise conversion of expression a— (b+c) *d/ finto its equivalent postfix
expressionisshowninTable4.1.

Table 4.1 Conversion of Infix Expression into Postfix

Element | Action Performed | Stack Status | Postfix Expression
A Put to postfix ( A

- Push (- a

( Push (= ( a

b Put to postfix (- ( ab

+ Push (- (+ ab

c Put to postfix (= (+ abc

) Pop +, put to postfix, pop ( | (- abc+

* Push (-* abc+

d Put to postfix (=* abc+d

/ Pop *, put to postfix, push/ | (—=/ abc+d*

f Put to postfix (=/ abc+d* £

) Pop/ and - Empty abc+d*f/-

Conversion of infix to prefix notation

The conversion of an infix expression to a prefix expression is similar to the
conversion of infix to postfix expression. The only difference is that the expression
inan infix notation is scanned in reverse order, that is, from right to left. Therefore,
the stack in this case stores the operators and the closing (right) parenthesis.
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Algorithm 4.3 Infix to Prefix Conversion

infixtoprefix (s, infix, prefix)

1. Sset i =0
2. While (i < number of symbols_in_infix)
If infix[i] is a whitespace or comma
Set 1 = 1 + 1 go to step 2

If infix[i] is an operand, add it to prefix

Else If infix[i] = ')’, push it onto the stack

Else If infix[i] is an operator, follow these steps:

i. For each operator on the top of stack whose precedence is greater
than or equal to the precedence of the current operator, pop the
operator from stack and add it to prefix

ii. Push the current operator onto the stack

Else If infix[i] = ‘(’, follow these steps:

i. Pop each operator from top of the stack and add it to prefix until
‘)’ is encountered in the stack

ii. Remove ‘)’ from the stack and do not add it to prefix

End If
Seti=i+1
End While
3. Reverse the prefix expression
4. End

For example, consider the conversion of the following infix expression to a prefix
expression:
a- (b+c) *d/f

The step-wise conversion of the expression a- (b+c) *d/ £ into its equivalent
prefix expression is shown in Table 4.2. Note that initially ) * is pushed onto the
stack, and ¢ (” isinserted in the beginning of the infix expression. Since the infix
expression is scanned from right to left, but elements are inserted in the resultant
expression from left to right, the prefix expression needs to be reversed.

Table 4.2 Conversion of Infix Expression into Prefix Expression

Element Action Performed Stack Status | Prefix Expression

f Put to expression ) f

/ Push )/ £

d Put to expression )/ fd

* Push ) /* fd

) Push ) /*) £d

c Put to expression ) /*) fdc

+ Push ) /*)+ fdc

b Put to expression ) /*)+ fdcb

( Pop and + and put to expression, pop) | ) /* fdcb+

- Pop *, / and push — )= fdcb+*/

a Put to expression ) /*— fdcb+a

( Pop - and put to expression, pop ( Empty fdcb+*/a-
Reverse the resultant expression —a/*+bcdf

The equivalent prefix expressionis —a/*+bcdf.
Evaluation of Postfix Expression

In acomputer system, when an arithmetic expression in an infix notation needs to
be evaluated, itis first converted into its postfix notation. The equivalent postfix
expressionisthen evaluated. Evaluation of postfix expressionsisalso implemented



through stacks. Since the postfix expression is evaluated in the order of appearance
of operators, parentheses are not required in the postfix expression. During
evaluation, astack is used to store the intermediate results of evaluation.

Since an operator appears after its operands in a postfix expression, the
expression is evaluated from left to right. Each element in the expression is checked
to find out whether it is an operator or an operand. If the element is an operand, it
is pushed onto the stack. On the other hand, if the element is an operator, the first
two operands are popped from the stack and an operation is performed on them.
The result of this operation is then pushed back to the stack. This process is
repeated until the entire expression is evaluated.

Algorithm 4.4 Evaluation of a Postfix Expression

evaluationofpostfix (s, postfix)

1. Set i = 0, RES=0.0
2. While (i < number of characters_in_ postfix)
If postfix[i] is a whitespace or comma
Set i = i + 1 and continue
If postfix[i] is an operand, push it onto the stack
If postfix[i] is an operator, follow these steps:
i. Pop the top element from stack and store it in operand2
ii. Pop the next top element from stack and store it in operandl
iii. Evaluate operand2 op operandl, and store the result in
RES (op is the current operator)
iv. Push RES back to stack
End If
Set 1 =1 + 1
End While
3. Pop the top element and store it in RES
4. Return RES

5. End

For example, consider the evaluation of the following postfix expression using
stacks:

abc+d*f/-
where,

a=6

b=3

c=6

d=5

£=9

After substituting the values of a, b, ¢, dand £, the postfix expression becomes
asfollows:

636+5%9/-
The following are the steps performed to evaluate an expression:

1. Theexpressionto be evaluated is read from left to right and each element is
checked to find out if it is an operand or an operator.

2. Firstelementis 6, which being an operand is pushed onto the stack.
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3. Similarly, the operands 3 and 6 are pushed onto the stack.

4. Nextelementis +, which is an operator. Hence, the element at the top of
stack 6 and the next top element 3 are popped from the stack, as shown in

Figure4.5.
Stack Stack Stack Stack
Element=6 Element Element= Element=+
=3 .
Push 6 Pop
Blisk3 —p| B —» B Evaluate 3+6
S Pop
3 3 —» 3
Push 6
5] 6 6 5]

Fig. 4.5 Evaluation of the Expression using Stacks

5. Expression 3+6 is evaluated and the result, that is 9, is pushed back to
stack, as shown in Figure 4.6.

6. Nextelementin the expression, thatis 5, is pushed to the stack.

7. Nextelement is *, which is a binary operator. Hence, the stack is popped
twice and the elements 5 and 9 are taken off from the stack, as shown in
Figure 4.6.

Stack Stack Stack
Element=5 Element=
Push 5 Pop Evaluate 9*5
3+6=9 —»| — 5
Push 9 Pop
—» | 9 g — 9
5] 6 5]

Fig. 4.6 Popping 9 and 5 from the Stack

8. Expression 9*5 is evaluated and the result, that is 45, is pushed to the
back of the stack.



9. Nextelement in the postfix expressionis 9, which is pushed onto the stack. Representation of Stack

10. Nextelement is the operator /. Therefore, the two operands from the top
of the stack, that is 9 and 45, are popped from the stack and the operation
45 /9is performed. Result 5 is again pushed to the stack.

11. Nextelement inthe expressionis —. Hence, 5 and 6 are popped from the
stack and the operation 6-5 is performed. The resulting value, that is 1, is
pushed to the stack (see Figure 4.7).

NOTES

Stack Stach Sk Stack Sack

Seack
] ‘ —

Ewnant=3 Ehrerte( | Blererts -
S t—1 Push9 | — Py — E—
L »9 4555
Fushd4d = e 1 Pep Puzh 5 F e | —1 Pop § _
—_— | 45 45 45 > 5 > 55
‘ . " Evalate 458 | P8  Aashl
& [ 5 1) »> 1

Fig. 4.7 Final State of Stack with the Result

12. There are no more elements to be processed in the expression. Elementon
top of the stack is popped, which is the result of the evaluation of the postfix
expression. Thus, the result of the expressionis 1.

The step-wise evaluation of the expression 636+5* 9 /- isshown in Table 4.3.

Table 4.3 Evaluation of the Postfix Expression

Element | Action Performed | Stack Status
6 Push to stack

3 Push to stack

6 Push to stack

+ Pop 6

Pop 3

Evaluate 3+6=9
Push 9 to stack
5 Push to stack

* Pop 5

Pop 9

Evaluate 9*5=45
Push 45 to stack
9 Push to stack

/ Pop 9

Pop 45

Evaluate 45/9=5
Push 5 to stack
- Pop 5

Pop 6 EMPTY
Evaluate 6-5=1 EMPTY
Push 1 to stack 1

Pop VALUE=1 EMPTY

w w w
[}

O O O
[€)]

45
45 9
45

Y OY OY OY OY O)Y O)Y O)Y O) O)Y O)Y O)Y O) &)Y O)Y OY O
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Multi-stacks

So far, programs containing a single stack have been discussed in the unit. If two
or more stacks are needed in a program, then it can be accomplished in two
ways. One way is to have a separate array for each stack in the program. This
approach has a disadvantage—if one stack needs to store larger number of
elements than the specified size and the other stack has lesser number of elements—
it is not possible to store the elements of first stack in the second stack, in spite of
the vacant space. This problem can be solved by another way, that is, by having a
single array of sufficient size to hold two or more stacks. The two stacks can be
represented efficiently in the same array, provided, one stack grows from left to
right and other grows fromright to left. Also, the memoryis utilized more efficiently
inthis case.

For example, consider an array stack [MAX] to hold two stacks,
stackl and stack2. Two top variables Top1 and Top2 are required to
represent the top of the two stacks. Initially, to represent the empty stacks, Top1
issetas ‘-1’ and Top?2 is set as MAX. In this case, the condition of overflow
occurs when the combined size of both the stacks exceed MAX. For this, variable
count is used that keeps track of the number of elements stored in the array.
Initially, count issetto ‘0’. Overflow occurs when the value of count exceeds
the value of MAX and an attempt is made to insert a new element.

To PUSH an element in stack1, Topl is incremented by 1 and the
element is inserted in that position. On the other hand, to PUSH an element in
stack2, Top2 isdecremented by 1 and the element is inserted in that position.
To POPan element from stack1, the element at the position indicated by Top 1
is assigned to a local variable and then Top1 is decremented by 1. On the other
hand, to POP an element from stack2, the element at the position indicated by
Top2 isassigned to a local variable and then Top2 isincremented by 1. Figure
4.9 shows an array of size MAX to hold two stacks stackl and stack2,
where stack1 grows from left to right and stack2 grows from right to left.

0 1 2 . ... MAX-3 MAX-2 MAX-1
F—p —
stackl stack2

Fig. 4.8 Representing Two Stacks by an Array of Size MAX

To represent two stacks in the same array, the following structure called mu1ti-
stack needs to be defined in C language:
struct multistack
{
int item[MAX];
int Topl, Top2;
int count;

int sno; /*sno indicates the stack number (1 or



2)*/
}i

Algorithm 4.5 PUSH Operation on Multi-Stack

push (s, element) //s is aipointer to multi-stack

1. If (s->count == MAX)

Print “Overflow: Stack is full!” and go to step 4
End If

2. If(s->sno == 1) //if element is to be inserted in stackl

Set s->Topl = s->Topl + 1

Set s->item[s->Topl] = element

Print “Value is pushed onto stackl...”
Set s—->count = s->count + 1

End If
3. If(s->sno == 2)
Set s->Top2 = s->Top2 — 1
Set s->item[s->Top2] = element
Print “Value is pushed onto stack2...”
Set s->count = s->count + 1
End If
4. End

Algorithm 4.6 POP Operation on Multi-Stack

P

1.

3.
4,

op (s) //s 1is a pointer to multi-stack
If(s->sno == 1)
If (s->Topl == -1)
Print “Underflow! Stackl is empty”
Return 0 and go to step 4
Else
Set popped = s->item[s->Topl]
Set s->Topl = s->Topl - 1
Set s->count = s->count - 1
End If
End If
If(s->sno == 2)
If (s->Top2 == MAX)
Print “Underflow! Stack2 is empty”
Return 0 and go to step 4
Else
Set popped = s->item[s->Top2]
Set s->Top2 = s->Top2 + 1
Set s->count = s->count - 1
End If
End If
Return popped
End

Example 4.2: Aprogram to implement multi-stacks using a single array is as

follows:

#include<stdio.h>
#include<conio.h>
#define MAX 10
#define True 1
#define False 0
typedef struct multistack
{
int item[MAX];
int Topl, Top2;

int count;

Representation of Stack
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int

}mstk;

sSno; /*sno 1s the stack

/*Function prototypes*/

void createstack (mstk *);

void push(mstk *, int);

int pop(mstk *);

int isempty(mstk *);
int isfull (mstk *);

void main ()

{

int
int
mst
cre
do{

. \\).
. ’

choice;
value;

k s;

atestack (&s);

clrscr();

printf (“\n\tMain Menu”);
printf (“\nl. Push”);
printf (“\n2. Pop”);
printf (“\n3. Exit\n”);
printf (*
scanf (“%d”, &choice);
switch (choice)

{

case 1: printf (“\nEnter

scanf (“$d”, &s.sno);
printf ("\nEnter the

scanf (“%d”, &value);
push (&s, value);
getch () ;

break;

case 2: printf (“\nEnter

scanf (“%$d”, &s.sno);
value=pop (&s) ;

if (value==0)

{

if (s.sno==1)

“\nEnter your choice:

number (1 or 2)*/

\\),
’

the stack number (1 or

value to be inserted:

the stack number (1 or

printf ("\nUnderflow: Stackl is



empty!”);
else if (s.sno==2)
printf ("\\nUnderflow:
empty!”);
}

else

Stack?2

is

printf (“\nPopped element is: %d”, value);

getch();
break;

case 3: exit();

default: printf (“\nInvalid choice!”);

}
}while (1) ;
}
/*Function definitions*/
vold createstack (mstk *s)
{
s->Topl=-1;
s=>Top2=MAX;
s->count=0;
}
void push (mstk *s, int item)
{
if (isfull(s))
{
printf (“\nOverflow: Stack is full!”);
return;
}
if (s=>sno==1)
{
s=>Topl++;
s->item[s->Topl]l=item;

printf (“\nValue is pushed onto stackl..

s->count++;

}

if (s->sno==2)

{
s=->Top2—;
s->item[s->Top2]=item;

printf (“\nvValue is pushed onto stack2..

//)_
. ’

rr) .
. ’

Representation of Stack
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}
int pop(mstk *s)
{

NOTES

int popped;
if (isempty(s))
return 0;
if (s=>sno==1)
{
popped=s->item[s->Topl];
s=>Topl—;
s—>count—;
}
if (s—=>sno==2)
{
popped=s->item[s->Top2];
s=>Top2++;
s—>count—;
}
return popped;

int isempty(mstk *s)

int r;
if (s=->sno==1)
{
if (s->Topl==-1)
r=True;
else
r=False;
}
if (s->sno==2)
{
if (s->Top2==MAX)
r=True;
else
r=False;
}

return r;

Self-Instructional
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t
int isfull (mstk *s)

{
if (s->count==MAX)
return True;
else return False;
_}_
The output of the programis as follows:

Main Menu

1. Push
2. Pop
3. Exit

Enter your choice: 1

Enter the stack number (1 or 2):
Enter the value to be inserted:
Value is pushed onto stackl...

Main Menu

1. Push
2. Pop
3. Exit

Enter your choice: 1

Enter the stack number (1 or 2):
Enter the value to be inserted:
Value is pushed onto stack2...

Main Menu

1. Push
2. Pop
3. Exit

Enter your choice: 1

Enter the stack number (1 or 2):
Enter the value to be inserted:
Value is pushed onto stackl...

Main Menu

1. Push
2. Pop
3. Exit

Enter your choice: 2
Enter the stack number (1 or 2):
Popped element is: 23

Main Menu

1
34

2
45

1
23

1

Representation of Stack
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1. Push
2. Pop
3. Exit

Enter your choice: 2

Enter the stack number (1 or 2):

Popped element is: 45

Main Menu

1. Push
2. Pop
3. Exit

Enter your choice: 2

Enter the stack number (1 or 2):

Popped element is: 34

Main Menu

1. Push
2. Pop
3. Exit

Enter your choice: 2

Enter the stack number (1 or 2):

Underflow: Stackl is empty!

Main Menu

1. Push
2. Pop
3. Exit

Enter your choice: 2

Enter the stack number (1 or 2):

Underflow: Stack2 is empty!

Main Menu

1. Push
2. Pop
3. Exit

Enter your choice: 3

2




4.3 ANSWERS TO CHECK YOUR PROGRESS
QUESTIONS
1. Acharacteristic feature of prefix and postfix notations is that the order of
evaluation of expression is determined by the position of the operator and
operands in the expression.
2. Stacks are used where the last-in-first-out principle is required like reversing
strings.
3. During evaluation, a stack is used to store the intermediate results of
evaluation.
44 SUMMARY

Stacks are used where the last-in-first-out principle is required like reversing
strings.

Asimple application of stacks is reversing strings. To reverse a string, the
characters of a string are pushed onto a stack one by one as the string is
read from lefttoright.

Once all the characters of the string are pushed onto the stack, they are
popped one by one.

Sincethe character last pushed in comes out first, subsequent POP operations
resultin reversal of the string.

The general way of writing arithmetic expressions is known as infix notation
where the binary operator is placed between two operands on which it
operates.

A characteristic feature of prefix and postfix notations is that the order of
evaluation of expression is determined by the position of the operator and
operands in the expression.

To convert an arithmetic expression from an infix notation to a postfix
notation, the precedence and associativity rules of operators should always
keptinmind.

The conversion of an infix expression to a prefix expression is similar to the
conversion of infix to postfix expression.

In a computer system, when an arithmetic expression in an infix notation
needsto be evaluated, it is first converted into its postfix notation.

Evaluation of postfix expressions is also implemented through stacks.
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+ Since the postfix expression is evaluated in the order of appearance of
operators, parentheses are not required in the postfix expression.

« During evaluation, a stack is used to store the intermediate results of
evaluation.

« Since an operator appears after its operands in a postfix expression, the
expression is evaluated from left to right.

+ Ifthe element is an operand, it is pushed onto the stack.

« Iftwo or more stacks are needed inaprogram, then it can be accomplished
in two ways.

45 KEY WORDS

« Stack: It is an abstract data type that serves as a collection of elements,
with two principal operations- push and pop.

+ Reversing Strings: Itis asimple application of stacks. To reverse astring,
the characters of a string are pushed onto a stack one by one as the string
is read from left to right.

46 SELF ASSESSMENT QUESTIONS AND
EXERCISES

Short-Answer Questions

1. Writethe algorithm for reversingastring.
2. Write ashort note on stacks.
3. Discuss the application of stacks.

Long-Answer Questions

1. What do you mean by implementation of stack? Discuss in detail.
2. Write aprogram to reverse a given string using stacks.
3. Write adetailed note on Conversion of infix to postfix notation.

4. Write a program to convert an expression from infix notation to postfix
notation.
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4.8 LEARNING OUTCOMES

+ Whatare stacks
+ Theapplication of stacks
+ Theimplementation of stacks
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UNIT5 QUEUES

Structure

5.0 Introduction
5.1 Objectives
5.2 Queues
5.3 Representation of Queues
5.4 Circular Queue and Deque
5.5 Priority Queue
5.6 Applications of Queues
5.7 Answers to Check Your Progress Questions
5.8 Summary
5.9 Key Words
5.10 Self Assessment Questions and Exercises
5.11 Further Readings
5.12 Learning Outcomes

5.0 INTRODUCTION

In this unit, you will learn about the queues, their representation and applications.
A Queue is an abstract data structure which is somewhat similar to Stacks. But
unlike stacks, aqueue is open at both its ends. One end of a queue is always used
to insert data (called enqueue) and the other is used to remove data (called
dequeue). Queue follows the basic and simple First-In-First-Out methodology,
which means that the data item stored first will be accessed first.

51 OBJECTIVES

After going through this unit, you will be able to:
« Understand queues
« Discuss the representation of queues
+ Analyze circular queues and deque
« Explain about priority queues
« Listthe applications of queue

52 QUEUES

A queue isa linear data structure in which anew element is inserted at one end
and an element s deleted from the other end. The end of the queue from which the



element is deleted is known as the Front and the end at which a new element is
added is known as the Rear. Figure 5.1 shows a queue.

Deletion €—— | | | | | | | H Insertion

| T

Front Rear

Fig. 5.1 A Queue

The following are the basic operations that can be performed on queues:

« InsertOperation: To insert an element at the rear of the queue

* Delete Operation: To delete an element from the front of the queue
Before inserting anew element in the queue, it is necessary to check whether there
is space for the new element. If no space is available, the queue is said to be in the
condition of overflow. Similarly, before deleting an element from the queue, it is

necessary to check whether there is an element in the queue. If there is no element
in the queue, the queue is said to be in the condition of underflow.

5.3 REPRESENTATION OF QUEUES

Like stacks, queues can be represented in the memory by using an array or a
singly linked list. In this section, we will discuss how a queue can be implemented
usingan array.

Array Implementation of a Queue

When a queue is implemented as an array, all the characteristics of an array are
applicable to the queue. Since an array is a static data structure, the array
representation of a queue requires the maximum size of the queue to be
predetermined and fixed. As we know that a queue keeps on changing as
elements are inserted or deleted, the maximum size should be large enough for
a queue to expand or shrink.

The representation of aqueue as an array needs an array to hold the elements
of the queue and two variables Rear and Front to keep track of the rear and
the front ends of the queue, respectively. Initially, the value of Rearand Front
is set to —1 to indicate an empty queue. Before we insert a new element in the
queue, itis necessaryto test the condition of overflow. Aqueue is in a condition of
overflow (full) when Rear isequal to MAX -1, where MAX is the maximum size
of the array. If the queue is not full, the insert operation can be performed. To
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insert an element in the queue, Rear is incremented by one and the element is
inserted at that position.

Similarly, before we delete an element from a queue, it is necessary to test
the condition of underflow. Aqueue is in the condition of underflow (empty) when
the value of Front is—1. If a queue is not empty, the delete operation can be
performed. To delete an element from a queue, the element referred by Front is
assigned to a local variable and then Front is incremented by one.

The total number of elements in a queue at a given point of time can be calculated
from the values of Rear and Front given as follows:

Number of elements = Rear - Front + 1
Tounderstand the implementation of aqueue as an array in detail, consider

a queue stored in the memory as an array named Queue that has MAX as its
maximum number of elements. Rear and Front store the indices of the rear

and front elements of Queue. Initially, Rear and Front are setto—1 to indicate
anempty queue (refer Figure 5.2(a)).

Whenever anew element has to be inserted in a queue, Rearisincremented
by one and the element is stored at Queue [Rear]. Suppose an element 9 is to
be inserted in the queue. In this case, the rear is incremented from—1 to 0 and the
elementis stored at Queue [0] . Since it is the firstelement to be inserted, Front
is also incremented by one to make it to refer to the first element of the queue
(refer Figure 5.2(b)). For subsequent insertions, the value of Rear is incremented
by one and the element is stored at Queue [Rear]. However, Front remains
unchanged (refer Figure 5.2(c)). Observe that the front and rear elements of the
queue are the firstand last elements of the list, respectively.

Whenever, an element is to be deleted from aqueue, Frontis incremented
by one. Suppose that an element is to be deleted from Queue. Then, here it must
be 9. Itis because the deletion is always made at the front end of a queue. Deletion
of the firstelement results in the queue as shown in Figure 5.2(d). Similarly, deletion
of the second element results in the queue as shown in Figure 5.2(e). Observe that
after deleting the second element from the queue, the values of Rearand Front
are equal. Here, it is apparent that when values of Front and Rear are equal
other than—1, there is only one element in the queue. When this only element of
the queue is deleted, both Rear and Front are again made equal to —1 to
indicate an empty queue.

Further, suppose that some more elements are inserted and Rear reaches the
maximum size of the array (refer Figure 5.2(f)). This means that the queue is full
and no more elements can be inserted in it even though the space is vacant on the
left of the Front.



| ]

Front = -1 Rear = -1

(a) An Empty Queue

0 1 2 3 4 . L MAXL

Lol | T 1T [ [ [ |

I

Front=0  Rear=0

(b) Queue after Inserting the First Element

0 1 2 3 4 L L MAXD
Front=0 Rear=2

(c) Queue after Inserting a few Elements

0 1 2 3 4 ... ... MAX1
| Ifl3l [ f] |
Front=1 Rear=2

(d) Queue after Deleting the First Element

0 1 2 3 4 L L MAXL

N N N N Y S

I

Front=2 ~ Rear=2

(e) Queue after Deleting the Second Element

0 1 2 3 4 ... ... MAX1
[ ] TIs[s]2[..]..]7]
Front=2 Rear=MAX -1

(f) Queue having Vacant Space though Rear = MAX — 1

Fig. 5.2 Various States of a Queue after the Insert and Delete Operations
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Toimplementaqueue asanarrayinthe C language, the following structure named
queue is used:

struct queue

{
int item[MAX];
int Front;
int Rear;

Algorithm 5.1 Insert Operation on a Queue |

ginsert(qg, val)) //q is a pointer to structure type queue and val is the value to be
//inserted

1. If g->Rear = MAX-1 //check if queue is full
Print “Overflow: Queue is full!” and go to step 5

End If
2. Ifg->Front = -1  //check if queue is empty

Set g->Front = 0 // make front to refer to first element
End If
Set g->Rear = g->Rear + 1 //increment Rear by one
Set g->item[g->Rear] = val //insert val
End

o g

Algorithm 5.2 Delete Operation on a Queue |
qdelete(q)

1. If g->Front = -1 //check if queue is empty
Print “Underflow: Queue is empty!”
Return 0 and go to step 5

End If
2. Set del_val = g->item[q->Front] //del_val is the value to be deleted
3. If g->Front = g->Rear //check if there is only one element
Set g->Front = g->Rear = -1
Else

Set g->Front = g->Front + 1 //increment Front by oneEnd
If
4. Return del_val
5. End

Linked Implementation of a Queue

Aqueue implemented as a linked list is known as a linked queue. Alinked queue
IS represented using two pointer variables Front and Rear that point to the
first and the last node of the queue, respectively. Initially, Rear and Front are
set to NULL to indicate an empty queue.

Tounderstand the implementation of a linked queue, consider alinked queue,
say Queue. The info and next fields of each node represent the element of
the queue and a pointer to the next element in the queue, respectively. Whenever
anew element is to be inserted in the queue, a new node npt r is created and the
element is inserted into the node. If it is the first element being inserted in the
queue, both Front and Rear are modified to point to this new node. On the
other hand, in subsequent insertions, only Rear is modified to point to the new
node; Front remains unchanged.

Whenever an element is deleted from the queue, a temporary pointer is
created, which is made to point to the node pointed to by Front. Then Front



is modified to point to the next node in the queue, and the temporary node is
deleted from the memory. Figure 5.3 shows the various states of a queue after the
insertand delete operations.

Note: Since the memory is allocated dynamically, a linked queue reaches the overflow
condition when no more free memory space is available to be dynamically allocated.

FRONT REAR
® T
—> | o——p NULL
—
| é ’
nptr

(a) Queue after Inserting the First Element

REAR npwr
8 gt A Lo
FRONT : !
T 1
|
| — ———p NULL
i
’ 1 & ----> _ T
(b) Queue after Inserting Element 2
11pra
FRONT i
| 4[4
|
} ‘ . 2 > 3 | — N
(c) Queue after One more Insertion
FROMT REAR
: ]J
s P ERRTL P (A ——p NULL

(d) Queue after Deleting One Element

Fig. 5.3 Various states of a Linked Queue after the Insert and Delete Operations
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Algorithm 5.3 Insert Operation on a Linked Queue
ginsert(q, val) //val is the value to be inserted

1. Allocate memory for nptr //nptr is a pointer to the new node to be inserted
2. If nptr = NULL // checking for queue overflow
Print “Overflow: Memory not allocated!” and go to step 6
End If
3. Set nptr->info = val
4. Set nptr->next = NULL
5. If Front = NULL //check if queue is empty
Set g->Rear = g->Front = nptr//rear and front are made to point to new
//node
Else
Set g->Rear->next = nptr
Set g->Rear = nptr //Rear is made to point to new node
End If
6. End

Algorithm 5.4 Delete Operation on a Linked Queue
qdelete(q)

1. If Front = NULL
Print “Underflow: Queue is empty!”
Return 0 and go to step 7

End if
2. Setdel_val = g->Front->info //del_val is the element pointed by the Front
3. Settemp = g->Front //temp is the temporary pointer to Front
4. If g->Front = g->Rear //checking if there is one element in the queue
Set g->Front = g->Rear = NULL
Else
Set g->Front = g->Front->next //making Front point to next node
End If
5. De-allocate temp //de-allocating memory
6. Return del_val
7. End

54 CIRCULAR QUEUE AND DEQUE

As discussed earlier, in the case of a queue represented as an array, once the
value of the rear reaches the maximum size of the queue, no more elements can
be inserted. However, there may be the possibility that the space on the left of
the front index is vacant. Hence, in spite of space on the left of front being
empty, the queue is considered full. This wastage of space in the array
implementation of a queue can be avoided by shifting the elements to the
beginning of the array if space is available. In order to do this, the values of the
Rear and Front indices have to be changed accordingly. However, this is
a complex process and difficult to implement. An alternative solution to this
problem is to implement a queue as a circular queue.

The array implementation of a circular queue is similar to the array
implementation of the queue. The only difference is that as soon as the rear index



of the queue reaches the maximum size of the array, Rear is reset to the beginning Queules
of the queue, provided it is free. The circular queue is full onlywhen all the locations
inthe array are occupied. Acircular queue is shown in Figure 5.4.

NOTES

Fig. 5.4 A Circular Queue

Note: A circular queue is generally implemented as an array though it can also be implemented
as a circular linked list.

To understand the operations on a circular queue, consider acircular queue
represented in the memory by the array CQueue [MAX].Rear and Front
are used to store the indices of the rear and front elements of CQueue, respectively.
Initially, both Rear and Front are set to NULL to indicate an empty queue.

Whenever an element is to be inserted in a circular queue, Rear is
incremented by one. However, if the value of the rear index is MAX -1, instead of
incrementing Rear, itis reset to the first index of the array if space isavailable in
the beginning. Hence, if any location to the left of the front index is empty, the
elements can be added to the queue at an index starting from 0. A queue is
considered full inthe following cases:

 When the value of Rea r equals the maximum size of the arrayand Front
isat the beginning of the array

+ When the value of Front isone more than the value of Rear

Whenever an element is to be deleted from the queue, Front is incremented
by one. However, if the value of Front isMAX-1, itis reset to the Oth position
in the array. When the value of Front equals the value of Rear (other than—1),
itindicates that there is onlyone element in the queue. On deleting the last element,
both Rear and Front are reset to NULL to indicate an empty queue. Figure
5.5 shows the various states of a queue after some insert and delete operations.
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T T CQ empty

FRONT=-1 REAR=-1
(a) An Empty Queue

T

FRONT=0 REAR=4
(b) Queue after Inserting a few Elements

D1 2 3 4 5 8 7

415

|

FRONT=3 REAR=4
(c) Queue after Deleting a few Elements

01 2 3 4 5 & 7
415 6 [ 7 8

FRONT=3 REAR=Y
(d) Queue when Rear = MAX-1

0 .2 .8 4.8, B T

9 415 | 6|7 g

|

REAR=0 FRONT=3
(e) Rear is Reset to Zero

01 2 3 4 5 8 7

910 (11 | 4| 5 6 [ 7 8

Ca full

REAR=2 FRONT=3
(f) Queue Full



0
9(10 (11

FRONT=0 REAR=2
(9) Front is Reset to Zero

01 2 3 4 5 6 T 2 R S O LY g 5] 7
Delete
11
FROMT=2 REAR=2 FRONT=-1 REAR=-1

(h) Queue after deletion of only element
Fig. 5.5 Various States of a Circular Queue after the Insert and Delete Operations

The total number of elements in a circular queue atanypoint of time can be calculated
from the current values of the rear and front indices of the queue. In case, Front
< Rear,the total number of elements=Rear - Front + 1.Forinstance,
in Figure 5.6(a), Front = 3 and Rear = 7.Hence, the total number of
elements in CQueue at this point of timeis7—3+1=5. Incase, Front >
Rear, the total number of elements=Max + (Rear — Front) + 1.For
instance, in Figure 5.6(b), Front = 3 and Rear = 0. Hence, the total
number of elements in CQueueis8 + (0 - 3) + 1.

01 2 3 4 5 6 7
4|5 ] 7 8
| Mumber of
FRONT=3 elementsin C@ REAR=7
(@)

01 2 3 4 5 5} 7
o [ [efsfelr]e]

S— -— e .
MNumber of
elements in CQ

FRONT=3

REAR=0
(b)
Fig. 5.6 Number of Elements in a Circular Queue
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Algorithm 5.5 Insert Operation on a Circular Queue |

ginsert(q, val)
1. If ((g->Rear = MAX-1 AND g->Front = 0) OR (g->Rear + 1 = g->Front))
Print “Overflow: Queue is full!” and go to step 5
End If //check if circular queue is full
2. If g->Rear = MAX-1 // check if rear is MAX-1
Set g->Rear = 0
Else
Set g->Rear = g->Rear + 1 //increment rear by one
End If
3. Set g->CQueue[g->Rear] = val //val is the value to be inserted in the queue
4. If g->Front = -1 //check if queue is empty
Set g->Front = 0
End If
5. End

Algorithm 5.6 Delete Operation on a Circular Queue

qdelete(q)

1. Ifg->Front = -1
Print “Underflow: Queue is empty!”
Return 0 and go to step 5
End If

IS

3. If g->Front = g->Rear
Set g->Front = g->Rear = -1
Else
If g->Front = MAX-1
Set g->Front =0
Else
Set g->Front = g->Front +1
End If
End If
Return del_val
End

G o=

Set del_val = g->CQueue[qg->Front] //del_val is the value to be deleted
// check if there is one element in the queue

Deque

A deque (short form of double-ended queue) is a linear listin which elements can
be inserted or deleted at either end but not in the middle. That is, elements can be
inserted/deleted to/from the rear end or the front end. Figure 5.7 shows the

representation of a deque.

Insertion

L 1
Deletion T T

Front Rear

Fig. 5.7 A Deque

Insertion

Deletion



Like aqueue, a deque can be represented as an array or asingly linked list. Here,

we will discuss the array implementation of a deque.

Algorithm 5.7 Insert Operation in the Beginning of a Deque H

ginsert_beg(q, val)

1. If (g->Rear = MAX-1 AND g->Front = 0)
Print “Overflow: Queue is full!” and go to step 4
End If
2. If g->Front = -1
Set g->Front = g->Rear = 0
Set q->DQueue[q->Front] = val
End If
3. If g->Rear != MAX -1 //check if last position is occupied
Set num_item = g->Rear - g->Front + 1 //total number of elements
Seti = g->Rear +1
Setj=1
While j <= num_item
Set g->DQueueli] = g->DQueueli-1] //shift elements one space

to the //right
Seti=i-1
Setj=j+1
End While

Set g->DQueueli] = val
Set g->Front =i
Set g->Rear = g->Rear + 1
Else
Set g->Front = g->Front -1
Set g->DQueue[g->Front] = val
End If
4. End

Algorithm 5.8 Insert Operation at the End of a Deque |

ginsert_end(q, val)

1. If (g->Rear = MAX-1 And g->Front = 0) //check if queue is full
Print “Overflow: Queue is full!” and go to step 4
End If
2. If g->Front = -1 //check if queue is empty
Set g->Front = g->Rear =0
Set g->Dqueue[qg->Front] = val and go to step 4

Set g->Dqueue[g->Rear] = valSet
q->Front = g->Front - 1
Else
Set g->Rear = g->Rear +1
Set g->Dqueue[g->Rear] = val
End If
4. End

End If
3. If g->Rear = MAX-1 // check if last position is occupied
Seti = g->Front -1
While i < g->Rear //shift elements one place to the left of queue
Set g->Dqueue[i] = g->Dqueue[i+1]
Seti=i+1
End While
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Algorithm 5.9 Delete Operation in the Beginning of a Deque H
qgdelete_beg(q)

1. If g->Front = -1
Print “Underflow: Queue is empty!”
Return 0 and go to step 5
End If
Set del_val = g->DQueue[qg->Front]
If g->Front = g->Rear
Set g->Front = g->Rear = -1
Else
Set g->Front = g->Front + 1End

L

If
4. Return del_val
5. End

Algorithm 5.10 Delete Operation at the End of a Deque
qdelete_end(q)

1. Ifg->Front = -1
Print “Underflow: DeQueue is empty!”
Return 0 and go to step 5
End If
2. Set del_val = g->DQueue[g->Rear]
3. If g->Front = g->Rear
Set g->Front = g->Rear = -1
Else
Set g->Rear = g->Rear - 1
If g->Rear = -1
Set g->Front = -1

End If
End If
4. Return del_val
5. End

The two variations of a deque are as follows:

« Input Restricted Deque: It allows insertion of elements only at one end

but deletion can be done at both ends refer Figure 5.8.
Insertion

Deletion H ] | | | [ I |

T T Deletion

Front Rear

Fig. 5.8 An Input Restricted Deque



« Output Restricted Deque: Itallows deletion of elements only at one end
but insertion can be done at both ends refer Figure 5.9.
Insertion

Insertion ﬁ‘r[ ] | [ ] [

||
T T Deletion

Front Rear

Fig. 5.9 An Output Restricted Deque

The implementation of both these queues is similar to the implementation of a
deque. The only difference is that in an input restricted queue, the function for
insertion in the beginning is not needed, whereas in an output restricted queue, the
function for deletion in the beginning is not needed.

55 PRIORITY QUEUE

A priority queue is atype of queue in which each element is assigned a priorityand
the elements are added or removed according to that priority. While implementing
apriority queue, the following two rules are applied:

« The element with higher priority is processed before any element of lower
priority.

+ The elements with the same priorityare processed according to the order in
which they were added to the queue.

A priority queue can be represented in many ways. Here, we will discuss
the implementation of a priority queue using multiple queues.

In the multiple queue representation of a priority queue, a separate queue
for each priority is maintained. Each queue is implemented as a circular array and
has its own two variables, Front and Rear (refer Figure 5.10). The element
with the given priority number is inserted in the corresponding queue. Similarly,
whenever an element is to be deleted from the queue, it must be the element from
the highest priority queue. Note that lower priority number indicates higher priority.
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Priority 1

2 5|65

1

Frontl Rearl

@)

Priority 2

4 1319 |1

Priority 3 (b)

Front2 Rear2

Priority n

4139 |1

T T

Front n Rear n
(d)
Fig. 5.10 Multiple Queues According to the Priority

If the size of each queue is the same, then instead of multiple one-dimensional
arrays, a single two-dimensional array can be used where the row number shows
the priority and the column number shows the position of the element within the
queue. In addition, two arrays to keep track of the front and rear positions of each
queue corresponding to each row are maintained (refer Figure 5.11).



Front

Rear

1 2 3

1 2 e n

1 4 | 8
2 2 3

2 9

3
1 2 e n 4
5 2 4 n 7

Fig. 5.11 A Priority Queue as a Two-Dimensional Array

Algorithm 5.11 Insert Operation in a Priority Queue |

ginsert(q, val, prno) //prno is the priority of val

1. If (g->Rear[prno] = MAX-1 AND g->Front[prno] = 0) OR (g->Rear[prno]+1 =
g->Front[prno]) Print “Overflow: Queue full!” and go to step 5
End If
2. If g->Rear[prno-1] = MAX-1
Set g->Rear[prno-1] = 0
Else
Set g->Rear[prno-1] = g->Rear[prno-1] + 1
End If
3. Set g->CQueue[prno-1][g->Rear[prno-1]] = val
4. If g->Front[prno-1] = -
Set g->Front[prno-1] = 0
End If
5. End

Algorithm 5.12 Delete Operation in a Priority Queue

qdelete(q)

1. Setflag=0,i=0
2. Whilei <= MAX-1
If NOT (g->Front[prno]) = -1 //check if not empty
Set flag = 1
Set del_val = q->CQueuel[i][q->Front[i]]
If g->Front[i] = q->Rear[i]
Set g->Front[i] = g->Rear[i] = -1
Else If g->Front[i] = MAX-1
Set g->Front[i] = 0

Else
Set g->Front[i] = g->Front[i] + 1
End If

End If

Break //jump out of the while loop
End If
Seti=i+1

End While

3. If flag = 0

Return 0 and go to step 4
Else
Return del_val
End If
4. End
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5.6 APPLICATIONS OF QUEUES

There are numerous applications of queues in computer science. Various real-life
applications such as railway ticket reservation and the banking system are
implemented using queues. One of the most useful applications of a queue is in
simulation. Another application of aqueue is in the operating system, to implement
various functions like CPU scheduling inamultiprogramming environment, device
management (printer or disk), etc. Besides, there are several algorithms like level-
order traversal of binary tree, etc., that use queues to solve problems efficiently.
This section discusses some of the applications of queues.

Simulation

Simulation is the process of modelling a real-life situation through a computer
program. Its main use is to study a real-life situation without actually making it
occur. Itis mainly used in areas like military operations, scientific research, etc.,
where itis expensive or dangerous to experiment with the real system. In simulation,
corresponding to each object and action, there is a counterpart in the program.
The objects that are studied are represented as data and the actions are represented
as operations on the data. By supplying different data, we can observe the result
of the program. If the simulation is accurate, the result of the program represents
the behaviour of the actual system accurately.

Consider aticket reservation system having four counters. If a customer
arrives at time t,and a counter is free, then the customer will get the ticket
immediately. However, it is not always possible that a counter is free. Inthat case,
anew customer goes to the queue having fewer customers. Assume that the time
required to issue the ticket is t. Then the total time spent by the customer is equal
to the time t (time required to issue the ticket) plus the time spent waiting in line.
The average time spent in the line by the customer can be computed by a program
simulating the customer action. This program can be implemented using a queue,
since while one customer is being serviced, the others are kept waiting.

CPU Scheduling in a Multiprogramming Environment

As we know, in a multiprogramming environment, multiple processes run
concurrentlyto increase CPU utilization. All the processes that are residing in the
memory and are ready to execute are kept in a list referred to as a ready queue.
Itisthe job of the scheduling algorithm to select a process from the processes and
allocate the CPU to it.

Let us consider a multiprogramming environment where the processes are
classified into three different groups, namelysystem processes, interactive processes
and batch processes. Some priority is associated with each group of processes.
The system processes have the highest priority, whereas the batch processes have
the least priority. To implement a multiprogramming environment, a multi-level



gueue scheduling algorithmisused. Inthisalgorithm, the readyqueue is partitioned Queues
into multiple queues (refer Figure 5.12). The processes are assigned to the respective

queues. The higher priority processes are executed before the lower priority

processes. For example, no batch process can run unless all the system processes

and interactive processes are executed. If a batch process is running and a system NOTES
process enters the queue, then batch process would be preempted to execute this
system process.

E— System Processes =
Medium priority

— Interactive Processes =
Lowest priority

> Batch Processes =

Fig. 5.12 Multi-Level Queue Scheduling

In this algorithm, the processes of a lower priority may starve if the number of
processes in a higher-priority queue is high. Starvation can be prevented by two
ways. One way is to time-slice between the queues, that is, each queue gets a
certain interval of time. Another way is using a multi-level feedback queue
algorithm. In this algorithm, processes are not assigned permanently to a queue;
instead, they are allowed to move between the queues. If a process uses too
much CPU time, it is moved to lower priority. Similarly, a process that has been
waiting for too long in a lower-priorityqueue is moved to the higher-priority queue.
To implement multiple programming environments, a priorityqueue using multiple
queues can be used.

Round Robin Algorithm

The Round Robin algorithm is one of the CPU scheduling algorithms designed for
time-sharing systems. In this algorithm, the CPU is allocated to a process for a
small time interval called time quantum (generally from 10 to 100 milliseconds).
Whenever a new process enters, it is inserted at the end of the ready queue. The
CPU scheduler picks the first process from the ready queue and processes it until
the time quantum elapses. Then, the CPU switches to the next process in the
queue and the first process is inserted at the end of the queue if it has not been
finished. If the process is finished before the time quantum, the process itself releases
the CPU voluntarily and the process gets deleted from the ready queue. This
process continues until all the processes are finished. When a process is finished,
itis deleted from the queue. To implement the Round Robin algorithm, a circular
queue can be used.

Suppose there are n processes, such as Py, P,..., P_served by the CPU. Different
processes require different execution time. Suppose, sequence of processes arrivals
isarranged according to their subscripts, i.e., P; comes first, then P,. Therefore, P,
comes after P, where 1<i [_n. Round Robin algorithm first decides a small unit of
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time called time quantum or time slice represented by . A time quantum generally
starts from 10 to 100 milliseconds. CPU starts services from P1. Then, P, gets CPU
for 1 instant of time; afterwards CPU switches to process P, and so on. Now,
during time-sharing, if a process finishes its execution before the finding of its time
quantum, the process then simply releases the CPU and the next process waiting
will get the CPU immediately. When CPU reaches the end of time quantum of P it
returns to P; and the same process will be repeated. For an illustration, consider
Table 5.1 for the set of processes.

Table 5.1 Table for Process and Burst Time

Process Burst Time
P, 7
P, 18
P 5

The total required CPU time keeps 30 units for burst time as summarized in Table
5.1 and depicted in Figure 5.13.

P, finished P, finished P, finished
A A A

= = e

PP | P |P |P|Ps PPy | Py

0 4 8 12 156 19 20 24 28 30
Fig. 5.13 Round Robin Scheduling

The advantage of Round Robin algorithm is in reducing the average turn-around
time. The turn-around time of a process is the time of its completion, i.e., time of
its arrival. Thus, Round Robin algorithm uses first come first Served or FCFS
strategy.

57 ANSWERS TO CHECK YOUR PROGRESS
QUESTIONS

1. Ifthereisnoelementinthe queue, the queue is said to be in the condition of
underflow.

2. When aqueue isimplemented as an array, all the characteristics of an array
are applicable to the queue.



. Apriority queue is a type of queue in which each element is assigned a

priority and the elements are added or removed according to that priority.

. Simulationisthe process of modelling areal-life situation through acomputer

program.

5.8

SUMMARY

Aqueue is alinear data structure inwhich anew element is inserted at one
end and an element is deleted from the other end.

The end of the queue from which the element is deleted is known as the
Front and the end at which a new element is added is known as the Rear.

Before insertinganew elementinthe queue, it is necessaryto check whether
there is space for the new element.

Ifthere is no element in the queue, the queue is said to be in the condition of
underflow.

Like stacks, queues can be represented in the memory by usingan array or
asinglylinked ist.

Whena queue isimplemented as an array, all the characteristics of an array
are applicable to the queue.

Since an array s a static data structure, the array representation of a queue
requires the maximum size of the queue to be predetermined and fixed.

Whenever a new element has to be inserted in a queue, Rearis
incremented by one and the element is stored at Queue [Rear].

Whenever, an element is to be deleted from a queue, Frontis
incremented by one.

Whenever an element is deleted from the queue, a temporary pointer is
created, which is made to point to the node pointed to by Front.

The info and next fields of each node represent the element of the queue
and a pointer to the next element in the queue, respectively.

In the case of a queue represented as an array, once the value of the rear
reaches the maximum size of the queue, no more elements can be inserted.

The array implementation of a circular queue is similar to the array
implementation of the queue. The only difference is that as soon as the rear
index of the queue reaches the maximum size of the array, Rear1i s reset
to the beginning of the queue, provided it is free.

A priority queue is a type of queue in which each element is assigned a
priority and the elements are added or removed according to that priority.
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In the multiple queue representation of a priority queue, a separate queue
foreach priority is maintained.

Ifthe size of each queue is the same, then instead of multiple one-dimensional
arrays, a single two-dimensional array can be used where the row number
shows the priority and the column number shows the position of the element
withinthe queue.

One of the most useful applications of a queue is insimulation.

Simulation is the process of modellingareal-life situation through acomputer
program.

Ifthe simulation is accurate, the result of the program represents the behaviour
of the actual system accurately.

To implement a multiprogramming environment, a multi-level queue
schedulingalgorithmisused.

If a batch process is running and a system process enters the queue, then
batch process would be preempted to execute this system process.

To implement multiple programming environments, a priority queue using
multiple queues can be used.

The advantage of Round Robin algorithm is in reducing the average turn-
aroundtime.

5.9

KEY WORDS

Input Restricted Deque: It allows insertion of elements only at one end
but deletion can be done at both ends.

Output Restricted Deque: It allows deletion of elements onlyat one end
but insertion can be done at both ends.

Priority queue: It is a type of queue in which each element is assigned a
priority and the elements are added or removed according to that priority.

5.10 SELF ASSESSMENT QUESTIONS AND

EXERCISES

Short-Answer Questions

1. What are queues?

2. Write ashort note about representation of queues.
3. Whatisacircular queue?

4. List few basic operations performed on queues.



Long-Answer Questions

1. Write aprogramto implementaqueue as an array.
2. Differentiate between circular queue and deque.
3. Write aprogram to implementa circular queue.

4. Writeaprogramto illustrate the insertion and deletion operations onasimple
deque.
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5.12 LEARNING OUTCOMES

+ Understand queues

+ Therepresentation of queues
« Circular queues and deque

« Learn about priorityqueues
+ Theapplications of queue
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UNIT 6 LISTS

Structure

6.0 Introduction
6.1 Objectives
6.2 Linked List
6.3 Singly-Linked Lists
6.4 Circular Linked Lists
6.5 Doubly-Linked Lists
6.6 Merging Lists and Header Linked List
6.7 Answers to Check Your Progress Questions
6.8 Summary
6.9 Key Words
6.10 Self Assessment Questions and Exercises
6.11 Further Readings
6.12 Learning Outcomes

6.0 INTRODUCTION

A list or sequence is an abstract data type that represents a countable number of
ordered values, where the same value may occur more than once. A linked list is
asequence of data structures, which are held together by links. A Linked List isa
sequence of links which contains items. Each link contains aconnection to another
link. ALinked list is the second most-used data structure after an array.

6.1 OBJECTIVES

After going through this unit, you will be able to:
+ Discuss linked list
+ Explainsingly-linked list
+ Analyzedoubly-linked list
+ Understand merging listand header linked list

6.2 LINKED LIST

A dynamic data structure is one in which the memory for elements is allocated
dynamically during run-time. The successive elements of adynamic data structure
need not be stored in contiguous memorylocations but they are still linked together
by means of some linkages or references. Whenever a new element is inserted,



the memory for the same is allocated dynamicallyand is linked to the data structure.
The elements can be inserted as the long as memory is available. Thus thereis no
upper limitonthe number of elements in the data structure. Similarly, whenever an
element is deleted from the data structure, memory is de-allocated so that it can
be reused in the future. Linked list is an example of adynamic data structure. It has
been explained inthissection.

Linked List

A linked list is a linear collection of homogeneous elements called nodes.
Successive nodes of a linked list need not occupy adjacent memory locations.
The linear order between nodes is maintained by means of pointers. In linked
lists, insertion or deletion of nodes do not require shifting of existing nodes asinthe
case of arrays; they can be inserted or deleted merely by adjusting the pointers or
links.

Depending on the number of pointers in a node or the purpose for which
the pointers are maintained, a linked list can be classified into various types such
as singly-linked list, circular-linked list and doubly-linked list. The unit will discuss
these types in detail in the subsequent sections.

6.3 SINGLY-LINKED LISTS

Asingly-linked list is also known as a linear linked list. In it, each node consists of
two fields, viz. ‘info’ and ‘next’, asshown inFigure 6.1. The ‘info’ field contains
the data and the ‘next’ field contains the address of memory location where the
subsequent node is stored. The last node of the singly-linked list contains NUL Lin
its ‘next’ field which indicates the end of the list.

info next

data +—+—p pointer to next node

Fig. 6.1 Node of a Linked List

Note: The datastored in the “info’ field may be asingle data item of any data type
or acomplete record representing a student, or an employee, or any other entity.
In this unit, however, itis assumed that the ‘info’ field contains an integer data.

A linked list contains a list pointer variable ‘Start’ that stores the address of
the first node of the list. In case, the “Start’ node contains NULL, the list is called
an empty list or a null list. Since each node of the list contains only a single
pointer pointing to the next node, not to the previous node—allowing traversing in
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only one direction—hence, it is also referred to as a one-way list. Figure 6.2
shows asingly-linked list with four nodes.

Start

4

a7 s ¥ 45 . » a2 . ¥ B9 ——NULL

Fig. 6.2 A Singly-Linked List with Four Nodes

Operations

Anumber of operations can be performed on singly-linked lists. These operations
include traversing, searching, inserting and deleting nodes, reversing, sorting, and
merging linked lists. Before implementing these operations, it is important to
understand how the node of a linked list is created.

Creating anode means defining its structure, allocating memorytoit, and its
initialization. As discussed earlier, the node of a linked list consists of dataand a
pointer to the next node. To define a node containing an integer data and a pointer
to nextnode in C language, aself-referential structure can be used whose definition
isasfollows:

typedef struct node
{

int info; /*to store integer type data*/
struct node *next; /*to store a pointer to next
node*/
}Node;
Node *nptr; /*nptr is a pointer to node*/

After declaring a pointer npt r to new node, the memory needs to be allocated
dynamicallyto it. If the memoryis allocated successfully (means no overflow), the
node is initialized. The info fieldis initialized with a valid value and the nex t
fieldisinitialized with NULL.

Algorithm 6.1 Creation of a Node |

create node ()

1. Allocate memory for nptr
2. If nptr = NULL
Print “Overflow: Memory not allocated!” and go to step 7

End If
. Read item //item is the value to be inserted in the
new node
Set nptr->info item
Set nptr->next NULL

Return nptr //returning pointer nptr
End

//nptr is a pointer to new node

w

~ oy O

Now, the linked list can be formed by creating several nodes of type Node and

inserting them either in the beginning or at the end or at a specified position in the
list.



6.4 CIRCULAR LINKED LISTS

A linear linked list, in which the next field of the last node points back to the first
node instead of containing NULL, is termed as a circular linked list. The main
advantage of acircular linked list over a linear linked list is that bystarting with any
node in the list, its predecessor nodes can be reached. This is because when a
circular linked list is traversed, starting with a particular node, the same node is
reached at the end. Figure 6.3 shows an example of a circular linked list.

Start

4

*

y
n
[xa]
*

45 . 82 . 69

Fig. 6.3 A Circular Linked List

All the operations that can be performed on linear linked lists can be easily
performed on circular linked lists but with some modifications. Some of these
operations have been discussed in this section.

Note: The process of creating a node of a circular linked list is same as that of linear
linked list.

Traversing

Acircular linked list can be traversed in the same way as a linear linked list, except
the condition for checking the end of list. Acircular linked listis traversed until a
node in the list is reached at, which contains address of the first node in its next
field rather than NULL as in case of alinear linked list.

Algorithm 6.2 Traversing a Circular Linked List |
display (Start)

1. If Start = NULL
Print “List is empty!!” and go to step 4
End If
2. Set temp = Start //initialising temp with Start
3. Do
Print temp->info //displaying value of each node
Set temp = temp->next
While temp != Start
4. End
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6.5 DOUBLY-LINKED LISTS

In asingly-linked list, each node contains a pointer to the next node and it has no
information about its previous node. Thus, one can traverse only in one direction,
i.e., from beginning to end. However, sometimes it is required to traverse in the
backward direction, i.e., from end to beginning. This can be implemented by
maintaining an additional pointer in each node of the list that points to the previous
node. Such type of alinked list is called doubly-linked list.

Each node of a doubly-linked list consists of three fields—prev, info,a
and next (see Figure 6.4). The info field contains the data, the prev field
contains the address of the previous node, and the ne x t field contains the address
of the next node.

prev info next

pointer to previous node 4———= data +—— pointer to next node

Fig. 6.4 Node of a Doubly-Linked List

Since a doubly-linked list allows traversing in both forward and backward
directions, itis also referred to as a two-way list. Figure 6.5 shows an example of
adoubly-linked list having four nodes. It must be noted that the prev field of the
first node and next field of the last node in adoubly-linked list points to NULL.

Start

4

L
*

S 69 | e——NULL

Py

NULL+—1 | 37 = 45 P 82

¢
4 $ ¢

Fig. 6.5 A Doubly-Linked List with Four Nodes

To define the node of a doubly-linked list in C language, the structure used to
represent the node of a singly-linked list is extended to have an extra pointer
which points to previous node. The structure of anode of adoubly-linked listis as
follows:

typedef struct node
{

int info; /*to store integer type data*/
struct node *next; /*to store a pointer to next
node*/
struct node *prev; /*to store a pointer to
previous node*/
}Node;
Node *nptr; /*nptr is a pointer to node*/



When memory is allocated successfullyto a node, i.e., when there is no condition
of overflow, the node isinitialized. The infofield isinitialized with avalid value
and the prev and next fields are initialized with NULL.

Algorithm 6.3 Creating a Node of a Doubly Linked List |

create node ()

1. Allocate memory for nptr
If nptr = NULL
Print “Overflow: Memory not allocated!” and go to step 8
Read item //item is the value stored in the node
Set nptr->info item
Set nptr->next NULL
Set nptr->prev NULL
Return nptr
End

//nptr is a pointer to new node

N

@ J o U bW

It must be brought to notice that all the operations that are performed on singly-
linked lists can also be performed on doubly-linked lists. Inthe subsequent sections,
onlyinsertion and deletion operations on doubly-linked lists have been discussed.

Insertion

Insertion in the beginning

Toinserta new node in the beginning of a doubly-linked list, a pointer, for example
nptr tonew node is created. The next field of the new node is made to point
to the existing first node and prev field of the existing first node (that has become
the second node now) is made to point to the new node. After that, Start is

modified to point to the new node. Figure 6.6 shows the insertion of node in the
beginningofadoubly-linked list.

nptr

4

4+—
MNULL¢—T—* 58 2

L 4
v
L 4
p

NULL# -+ | 37 45 gd =¥ 69 | e——NULL

.
*
*

Fig. 6.6 Insertion in the Beginning

Algorithm 6.4 Insertion in the Beginning |
insert beg(Start)

1. Call create node() //creating a new node pointed to by
nptr
2. If Start != NULL
Set nptr->next = Start //inserting node in the beginning
Set Start->prev = nptr
End If
Set Start = nptr //making Start to point to new node

=W

End
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6.6 MERGING LISTS AND HEADER LINKED LIST

Merging Lists

Merge lists or algorithms are a familyof algorithms that take multiple sorted lists as
amedium ofinputand in turn produce a single list as an output. This output contains
all the elements of the inputs lists in aneatly sorted out order. These algorithms are
then used as subroutines in various sorting algorithms, which most
famously merge sort.

Header Linked List

A header linked list is a linked list that contains a special note at the front of the list.
This special node is called a headed node and it does not contain any actual data
item that is included in the list but generally contains some useful information about
theentire linked list.

6.7 ANSWERS TO CHECK YOUR PROGRESS
QUESTIONS

1. Adynamicdatastructure is one in whichthe memoryfor elementsis allocated
dynamicallyduring run-time.

2. Asingly-linked listis also known as a linear linked list.

3. Themainadvantage ofacircular linked listover alinear linked listis that by
starting with any node in the list, its predecessor nodes can be reached.

4. Acircular linked list can be traversed in the same way as a linear linked list,
except the condition for checking the end of list.

6.8 SUMMARY

+ Adynamicdatastructure is one in which the memoryfor elementsis allocated
dynamicallyduring run-time.

« Whenever anew element is inserted, the memory for the same is allocated
dynamicallyand is linked to the data structure.

+ Alinked listisalinear collection of homogeneous elements called nodes.



Inlinked lists, insertion or deletion of nodes do not require shifting of existing
nodes as in the case of arrays; they can be inserted or deleted merely by
adjusting the pointersor links.

Depending on the number of pointers in a node or the purpose for which
the pointers are maintained, a linked list can be classified into various types
such assingly-linked list, circular-linked listand doubly-linked list.

As memory is allocated dynamically to the linked list, a new node can be
inserted anytime in the list.

While creating a linked list or inserting an element into a linked list, if a
request for a new node arrives, the memory manager searches through the
free- storage list for the block of desired size

A number of operations can be performed on singly-linked lists. These
operations include traversing, searching, inserting and deleting nodes,
reversing, sorting, and merging linked lists. Creating a node means defining
itsstructure, allocating memoryto it, and its initialization.

Alinear linked list, in which the next field of the last node points back to the
first node instead of containing NULL, is termed as a circular linked list.

The main advantage of a circular linked list over a linear linked list is that by
starting with any node in the list, its predecessor nodes can be reached.

A circular linked list can be traversed in the same way as a linear linked list,
except the condition for checking the end of list.

In asingly-linked list, each node contains a pointer to the next node and it
has no information about its previous node. Thus, one can traverse onlyin
onedirection, i.e., from beginning to end.

6.9

KEY WORDS

Linked list: Itisalinear collection of homogeneous elements called nodes.

Dynamic data structure: Itis one in which the memory for elements is
allocated dynamicallyduring run-time.

6.10 SELF ASSESSMENT QUESTIONS AND

EXERCISES

Short-Answer Questions

1. Whatisalinked list?

2. Explainsingly-linked list.

3. What do you mean by doubly-linked list?

4. Differentiate between merging listand header linked list.
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Long Answer Questions
1. “A dynamic data structure is one in which the memory for elements is
allocated dynamically during run-time.” Explain.

2. “The last node of the singly-linked list contains NULL in its ‘next’ field
which indicates the end of the list.”” Explain with examples.

3. “Anumberof operations can be performed onsingly-linked lists.” Elabotrate.

4. “All the operations that are performed on singly- linked lists can also be
performed on doubly-linked lists.” Explain.
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6.12 LEARNING OUTCOMES

« Linked list

+ Singly-linked list

+ Doubly-linked list

+ Understand merging listand header linked list



UNIT 7 OPERATION ON LINKED
LISTS

Structure

7.0 Introduction

7.1 Obijectives

7.2 Insertion and Deletion Operations in Linked List
7.3 Insertion and Deletion in Circular Linked List
7.4 Insertion and Deletion in Doubly-Linked Lists
7.5 Answers to Check Your Progress Questions
7.6 Summary

7.7 Key Words

7.8 Self Assessment Questions and Exercises
7.9 Further Readings

7.10 Learning Outcomes

7.0 INTRODUCTION

In the previous unit you have studied about lists. Now that you have got an
understanding of the basic concepts behind linked list and their types, its time to
dive into the common operations that can be performed. This unit will basically
discuss the insertion and deletion operations on the linked lists.

7.1 OBJECTIVES

After going through this unit, you will be able to:
+ Discusslists
« Analyze insertion and deletion of operators in linked lists
« Understand insertionand deletion in circularand doubly-linked lists

7.2 INSERTION AND DELETION OPERATIONS IN
LINKED LIST

Toinsertanode in the beginning ofalist, the nex t field of the new node (pointed
to by nptr) is made to point to the existing first node and the Start pointer is
modified to point to the new node as shown in Figure 7.1.
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____________ M 37 s 45 - 82 * » 69 ——NULL

NOTES i

>

nptr

Fig. 7.1 Insertion in the Beginning of a Linked List

Algorithm 7.1 Insertion in Beginning |
insert beg(Start)

1. Call create node() //creating a new node pointed to by nptr
2. Set nptr->next = Start

3. Set Start = nptr //Start pointing to new node

4. End

Insertion at end

To insert anode at the end of a linked list, the list is traversed up to the last node
and the next field of this node is modified to point to the new node. However, if
the linked list is initially empty then the new node becomes the first node and
Start points to it. Figure 7.2(a) shows a linked list with a pointer variable
temp pointingto its first node and Figure 7.2(b) shows t emp pointing to the last
node and the next field of last node pointing to the new node.

temp

Start

4

4

37 > 45 - 82 * » 69 ——nULL

58 ——NULL

nptr
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Self-Instructional
100 Material



Operation on Linked Lists

temp
Start 3
4
N a7 . 45 | - g2 | M B9 | e-d-snULL NOTES
58 ——PNULL
4
npfr
(b)
Fig. 7.2 Insertion at the End of a Linked List
Algorithm 7.2 Insertion at the End |
insert end(Start)
1. Call create node () //creating a new node pointed to by
nptr
2. If Start = NULL //checking for empty list
Set Start = nptr //inserting new node as the first node
Else
Set temp = Start
While temp->next != NULL //traversing up to the last nodeSet
temp = temp->next
End While
Set temp->next = nptr //appending new node at the end
End If
3. End

Insertion at a specified position

Toinsertanode at a position pos as specified by the user, the list is traversed up
to pos—1 position. Then the next field of the new node is made to point to the
node that is already at the pos position and the next field of the node at pos—
1 position is made to point to the new node. Figure 7.3 shows the insertion of the
new node pointed to by npt r at the third position.

temp

Start

4

N 37 - 45 T—--——+ a2 * » 69 o——NULL

L

nptr

Fig. 7.3 Insertion at a Specified Position in a Linked List
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Operation on Linked Lists Algorithm 7.3 Insertion at a Specified Position

insert_pos(Start)

1. Call create node () //creating a new node pointed to by
nptr

2. Set temp = Start

NOTES 3 Bead pos //position at which the new node is to be

inserted

4. Call count node (temp) //counting total number of nodes in count
variable

5. If (pos > count + 1 OR pos = 0)

Print “Invalid position!” and go to step 7

End If

6. If pos =1
Set nptr->next = Start

Set Start = nptr //inserting new node as the first node
Else

Set i =1

While i < pos - 1 //traversing up to the node at pos-1

position
Set temp = temp->next
Set 1 =1 + 1
End While
Set nptr->next = temp->next //inserting new node at pos
position
Set temp->next = nptr
End If
7. End

Deletion

Like insertion, nodes can be deleted from the linked list at any point of time and
from any position. Whenever a node is deleted, the memory occupied by the node
is de-allocated. It must be noted that while performing deletions, the immediate
predecessor of the node to be deleted must be keep track of. Thus, two temporary
pointer variables are used (except in case of deletion from beginning), while
traversingthelist.

Note: A situation where the user tries to delete a node from an empty linked list is
termed as underflow.

Deletion from beginning

To delete anode from the beginning of a linked list, the address of the first node is
stored in atemporary pointer variable temp and Start is modified to point to
the second node in the linked list. After this, the memory occupied by the node
pointed to by temp is de-allocated. Figure 7.4 shows the deletion of a node
fromthe beginningofalinked list.
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temp

Fig. 7.4 Deletion from the Beginning of a Linked List

Algorithm 7.4 Deletion from the Beginning |

1.

Uds W N

delete beg(Start)
If Start = NULL //checking for underflow
Print “Underflow: List is empty!” and go to step 5
End If
Set temp = Start //temp pointing to the first node
Set Start = Start->next //moving Start to point to the second node
Deallocate temp //deallocating memory
End

Deletion from end

To delete a node from the end of a linked list, the list is traversed up to the last
node. Two pointer variables save and temp are used to traverse the list where
save points to the node as previously pointed to by temp. At the end of
traversing, temp points to the last node and save points to the second last
node. Thenthe next field of the node pointed to by save is made to point to
NULL and the memory occupied by the node pointed to by t emp is de-allocated.
Figure 7.5 shows the deletion of anode from the end of a linked list.

Start

4

¥ a7 . y 45 . ARamPdRens

NULL

L >

save temp

Fig. 7.5 Deletion from the End of a Linked List
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Algorithm 7.5 Deletion from the End

\l

i

4.

5o
6.

delete end(Start)

If Start = NULL
Print “Underflow:
End If
Set temp = Start
If temp->next = NULL
Set Start = NULL
Else
While (temp->next)

List is empty!”

!= NULL

Set save = temp

Set temp = temp->next

End While
End If
Set save->next = NULL
NULL

Deallocate temp
End

//checking for underflow
and go to step 6

//temp pointing to the first node
//deleting the only node of the list

//traversing up to the last node

//save pointing to node previously
//pointed to by temp

//moving temp to point to next node

//making new last node to point to

//deallocating memory

Deletion from a specified position

To delete a node from a position pos as specified by the user, the list is traversed
up to pos position using pointer variables temp and save. At the end of
traversing, temp points to the node at pos position and save points to the
node at pos-1 position. Then the next field of the node pointed to by save
is made to point to the node at pos+1 position and the memory occupied by the
node as pointed to by temp is de-allocated. Figure 7.6 shows the deletion of a
node at the third position.

Start

3

p 45

- 82,7 e-f---f B3 | e——pNULL

4

save

L

temp

Fig. 7.6 Deletion from a Specified Position in a Linked List



Algorithm 7.6 Deletion from a Specified Position |
delete pos(Start)

1. If Start = NULL //checking for underflow
Print “Underflow: List is empty!” and go to step 8

End If
2. Set temp = Start
3. Read pos //position of the node to be deleted
4. Call count_node(Start) //counting total number of nodes in count
variable
5. If pos > count OR pos = 0
Print “Invalid position!” and go to step 8
End If
6. If pos =1
Set Start = temp->next //deleting the first node
Else

Set i =1

While i < pos
Set save = temp
Set temp = temp->next
Set i =1 + 1

End While

Set save->next = temp->next

//traversing up to the node at position pos

//deleting the node at position
pos

End If
7. Deallocate temp
8. End

//deallocating memory

Searching

Searching a value for example i teminalinked list means finding the position of
anode, which stores i temas its value. If i temis found in the list, the search is
successful and the position of that node is displayed. However, if i tem is not
found till the end of list, then search is unsuccessful and an appropriate message is
displayed. It must be noted that the linked list may be in a sorted or an unsorted
order. Therefore, two search algorithms are discussed, one for sorted and another
foranunsorted linked list.

Note: Only linear search can be performed on linked lists.
Searching in an unsorted list

If the data in a linked list is not arranged in a specific order, the list is traversed
completely, starting from the first node to the last node and the value of each node
(node->1info)is compared with the value to be searched.

Algorithm 7.7 Searching in an Unsorted List |

search unsort (Start)

1. If Start = NULL
Print “List is empty!!” and go to step 7
End If

aos o w N

Set ptr = Start
Set pos =1
Read item
While ptr != NULL
If item = ptr->info

//ptr pointing to the first node

//item is the value to be searched
//traversing up to the last node

Print “Value found at position”, pos and go to step 7

Else
Set ptr = ptr->next //moving ptr to point to next nodeSet
pos = pos + 1
End If
End While

Print “Value not found”
End

//search unsuccessful

Operation on Linked Lists

NOTES

Self-Instructional
Material 105



Operation on Linked Lists

106

NOTES

Self-Instructional
Material

Searching in a sorted list

The process of searching an item in a sorted (ascending order) linked list is similar
to that of an unsorted linked list. However, while comparing, once the value of any
node exceeds i tem (the value to be searched), the search is stopped immediately.
In sucha case, the list is not required to be traversed completely.

Algorithm 7.8 Searching in a Sorted List |
search sort (Start)
1. If Start = NULL
Print “List is empty!!” and go to step 7
End If
2. Set ptr = Start //ptr pointing to the first node
3. Set pos =1
4. Read item
5. While ptr->next != NULL //traversing up to the last node
If item < ptr->info //comparing item with the value of current
node
Print “Value not found” and go to step 7
Else If item = ptr->info
Print “Value found at position”, pos and go to step 7
Else
Set ptr = ptr->next //moving ptr to point to next node
Set pos = pos + 1
End If
End While
6. Print “Value not found” //search unsuccessful
7. End
Reversing

Toreverse asingly-linked list, the list is traversed up to the last node and links of
the nodes are reversed such that the first node of the list becomes the last node
and the last node becomes the first. For this, three pointer variables like save,
ptrand temp are used. Initially, temp pointsto Start and both ptr and
save pointto NULL. While traversing the list, temp points to the current node,
ptr points to the node previously pointed to by temp and save points to the
node previously pointed to by pt r. The links between the nodes are reversed by
making the next field of the node pointed to by ptr to point to the node
pointed to by save. At the end of traversing, temp points to NULL, pt r points
to last node, and save points to the second last node of the list. Then Startis
made to point to the node pointed to by pt r in order to make the last node as the
first node of the list. Figure 7.7 shows the process of reversing a linked list.

ptr save
temp
Start %
NULL NULL
4
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ptr temp
Start p 4
4
a5 podocl 45 | e 82 | B9 | e——sNULL NOTES
save
NULL¢——s K¢
(b)
save ptr temp
Start p 4 1
4
37 T 45 -1----0 82 . 69 ——PNULL
Yo
NULL
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save ptr temp
Start > 4 4
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Fig. 7.7 Reversal of a Linked List
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Algorithm 7.9 Reversing a Singly-Linked List |

reverse (Start)

Set temp = Start
Set ptr = NULL
Set save = NULL
While temp != NULL //traversing up to the last node
Set save = ptr
Set ptr = temp
Set temp = temp->next
Set ptr->next = save
End While
5. Set Start = ptr
6. End

=W N

The following program shows the searching and reversing operations on asingly-
linked list. It must be noted that to simplify a program the linked list is built by
creating nodes and inserting them at the end of a list.

7.3 INSERTION AND DELETION IN CIRCULAR
LINKED LIST

Like linear linked lists, nodes can be inserted at any position ina circular linked
list, at the beginning, end or at a specified position. Insertion of a new node at
various positions has been discussed in this section. To insert anew node (pointed
to by nptr) at the beginning of a circular linked list [see Figure 7.8(b)], the
next field of the new node is made to point to the existing first node and the
Start pointer is modified to point to the new node. Since the first node of the
list is changed, the nex t field of the last node also needs to be modified to point
to anew node. However, if initially the list is empty, a new node is inserted as the
firstnode and its next field is made to point to itself as shown in Figure 7.8(a).

Start
4
]
37 4
L
nptr
(@)
nptr
<
Start |
*+ 37 4
____________ N 45 S 82 . 69 * » 58 >
FS
(b)

Fig. 7.8 Insertion in the Beginning



Algorithm 7.10 Insertion in the Beginning | Operation on Linked Lists
insert beg(Start)

1. Call create node () //creating a new node pointed to by
nptr
2. If Start = NULL //checking for empty list
Set Start = nptr //inserting new node as the NOTES

first node
Set Start->next = Start

Else

Set temp = Start

While temp->next != Start //traversing up to the last node

Set temp = temp->next

End While

Set nptr->next = Start //inserting new node in the
beginning

Set Start = nptr //Start pointing to new node

Set temp->next = Start //next field of last node pointing to new
node

End If
3. End

Insertion at the end

While inserting a new node (pointed to by npt r), at the end of a circular linked
list, the list is traversed up to the last node. The next field of the last node is
made to point to a new node and the ne xt field of the new node is made to point
to Start. However, ifthe circular linked list is empty, a new node becomes the
firstnode and sStart points to it. In addition, the nex t field of the new node
pointsto itselfas it is the only node in the list. Figure 7.9 shows the insertion of a
new node pointed to by npt r at the end of a circular linked list.

nptr
Start - y 37 .
>
45 - 82 - 69 . » 58 -
>
4
temp
Fig. 7.9 Insertion at the End
Algorithm 7.11 Insertion at the End |
insert end(Start)
1. Call create node () //creating a new node pointed to by
nptr
2. If Start = NULL //checking for empty list
Set Start = nptr //inserting new node in the
empty linked list
Set Start->next = Start //next field of first node pointing to
itself
Else
Set temp = Start
While temp->next != Start //traversing up to the last node
Set temp = temp->next
End While
Set temp->next = nptr //next field of last node pointing
to new node
Set nptr->next = Start //next field of new node pointing
to Start
End If
3. End
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Deletion

To delete anode from the beginning of a circular linked list, St ar t ismodified to
point to the second node and field nex t of the last node is made to point to the
new first node. For this, two pointer variables temp and pt r are used. Pointer
temp stores the address of the node to be deleted (address of the first node) and
Start ismodified to point to the second node. Pointer pt r is used for traversing
the listand at the end of traversing, it stores the address of the last node. Then field
next of the last node is made to point to the new first node. Also, memory
occupied by the node pointed to by temp is de-allocated. Figure 7.10 shows the
deletion of a node from the beginning of a circular linked list.

Start

e S e e e T e e et

Fig. 7.10 Deletion from the Beginning

Algorithm 7.12 Deletion from the Beginning |
delete beg(Start)

1. If Start = NULL
Print “Underflow: List is empty!” and go to step 8
End If
. Set temp = Start
3. Set ptr = temp

e}

4. While ptr->next != Start //traversing up to the last node
Set ptr = ptr->next
End While
5. Set Start = Start->next //Start pointing to the next node
6. Set ptr->next = Start //last node pointing to new first node
7. Deallocate temp //deallocating memory
8. End

Deletion from the end

To delete anode from the end of a circular linked list, two pointer variables save
and temp are used. Pointer variable temp is used to traverse the listand save
points to the node previously pointed to by temp. At the end of traversing, temp
points to the last node and sawve points to the second last node. Thenthe next



field of save is made to pointto Start and the memory occupied by the last
node, i.e., pointed to by t emp is de-allocated. Figure 7.11 shows the deletion of
anode fromthe end of a circular linked list.

Start

4

) 37 & N . 82 | &-t--d 68 --to

Fig. 7.11 Deletion from the End

Algorithm 7.13 Deletion from the End |
delete end(Start)

1. If Start = NULL //checking for underflow
Print “Underflow: List is empty!” and go to step 5
End If

2. Set temp = Start
3. If temp->next = Start
Set Start = NULL

//deleting the only node of the list

Else
While temp->next != Start //traversing up to the last node
Set save = temp
Set temp = temp->next
End While
Set save->next = Start //second last node Dbecomes the last
node
End If
4. Deallocate temp //deallocating memory
5. End

Note: The process of deleting a node from a specified position in a circular linked list
is same as that of a singly-linked list.

7.4 INSERTION AND DELETION IN DOUBLY-
LINKED LISTS

Toinserta new node in the beginning of a doubly-linked list, a pointer, for example
nptr tonew node is created. The next field of the new node is made to point
tothe existing first node and prev field of the existing first node (that has become
the second node now) is made to point to the new node. After that, Start is
modified to point to the new node. Figure 7.12 shows the insertion of node in the
beginningofadoubly-linked list.
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nptr
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NULL+ - [ 37 oy 45 4 gz | ' 69 | e——»NULL

Fig. 7.12 Insertion in the Beginning

Algorithm 7.14 Insertion in the Beginning |
insert beg(Start)

1. Call create node() //creating a new node pointed to by
nptr
2. If Start != NULL
Set nptr->next = Start //inserting node in the beginning
Set Start->prev = nptr
End If

3. Set Start = nptr //making Start to point to new node
4. End

Insertion at the end

To insert a new node at the end of a doubly-linked list, the list is traversed up to
the last node using some pointer variable, for example, the temp. At the end of
traversing, temp pointsto the last node. Then, field ne xt of the last node (pointed
to by temp), is made to point to the new node and the field prev of the new
node is made to point to the node pointed to by temp. However, if a list is empty,
the new node is inserted as the first node in the list. Figure 7.13 shows the insertion
of anew node at the end of adoubly-linked list.

nptr
4
Start
: NULL¢--1-¢ | 58 | e——»NULL
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temp

Fig. 7.13 Insertion at the End



Algorithm 7.15 Insertion at the End u

insert_end(Start)

1. Call create_node()
nptr
2. If Start = NULL
Set Start = nptr
node
Else

Set temp = Start //pointer temp used for traversing

While temp->next != NULL
Set temp = temp->next
End While

Set temp->next = nptr
Set nptr->prev = temp
End If
3. End

//inserting new node as the

//creating a new node pointed to by

first

Insertion at a specified position

To insert a new node (pointed to by npt r) at a specified position, for example,
pos inadoubly-linked list, the list is traversed up to pos—1 position. At the end
of traversing, temp points to the node at pos -1 position. For simplicity, another
pointer variable, pt r is used to point to the node that is already at position pos.
Then, field prev of the node, pointed to by pt r ismade to point to the new node
and field next ofthe new node is made to point to the node pointed to by pt r.
Also, field prev of the new node is made to point to the node pointed to by
temp and field next of the node pointed to by temp is made to point to the new
node. Figure 7.14 shows the insertion of a new node at the third position in a doubly-

linked list.
nptr
L ]

Start MNULL# - T 58 p--{- - » MULL
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Fig. 7.14 Insertion at a Specified Position
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Operation on Linked Lists Algorithm 7.16 Tnsertion at a Specified Position |

insert pos(Start)

1. Call create node() //creating a new node pointed to by
nptr
2. Set temp = Start
NOTES 3. Read pos
4. Call count node (temp) //counting number of nodes in count
5. If pos = 0 OR pos > count + 1
Print “Invalid position!” and go to step 7
End If
6. If pos =1
Set nptr->next = Start //inserting node at the beginning
Set Start = nptr //Start pointing to new node
Else
Set i =1
While i < pos-1 //traversing up to the node at pos-1
position

Set temp = temp->next
Set i =i+ 1

End While

Set ptr = temp->next

Set ptr->prev = nptr

Set nptr->next = ptr
Set nptr->prev = temp
Set temp->next = nptr
End If
7. End
Deletion

To delete anode from the beginning of a doubly-linked list, a pointer variable, for
example, temp is used to pointto the firstnode. Then Start is modified to point
to the next node and the prew field of this node is made to point to NULL. After
that, the memory occupied by the node pointed to by t emp is de-allocated. Figure
7.15shows the deletion of anode from the beginning of adoubly-linked list.

Start
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Fig. 7.15 Deletion from the Beginning

Algorithm 7.17 Deletion from the Beginning |
delete beg(Start)

1. If Start = NULL
Print “Underflow: List is empty!” and go to step 6

End If
2. Set temp = Start //temp points to the node to be deleted
3. Set Start = Start->next //making Start to point to next node
4. Set Start->prev = NULL
5. Deallocate temp //de-allocating memory
6. End

Note: The process of deleting node from the end of a doubly-linked list is same as that
of singly-linked list.
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Deletion from a specified position

To delete a node from a position, for example, pos, as specified by the user, the
list is traversed up to the position pos, using pointer variables temp and
save. At the end of traversing, temp points to the node at pos position and
save points to the node at pos—-1 position. For simplicity, another pointer
variable ptr is used to point to the node at pos+1 position. Then the next
field of the node at pos—1 position (pointed to by save) is made to point to the
node at pos+1 position (pointed to by pt r). In addition, the field prev of the
node at pos+1, position (pointed to by ptr) is made to point to the node at
pos-1 position (pointed to by save). After that, the memory occupied by the
node pointed to by temp is de-allocated. Figure 7.16 shows the deletion of a
node at the third position from a doubly-linked list.

save
Start
3
3
i / .
NULL4——e | 37 T2 45 | ST }{ o 69 | e——nuULL
¢ * ¢---|-® -~ -|- 4
T / -~ -~
¢ p
temp ptr

Fig. 7.16 Deletion from a Specified Position

Algorithm 7.18 Deletion from a Specified Position |
delete pos(Start)

1. If Start = NULL
Print “Underflow: List is empty!” and go to step 8
End If

2. Set temp = Start

3. Read pos

4. Call count_node (temp) //counting total number of nodes in count
variable

5. If pos > count OR pos = 0
Print “Invalid position!” and go to step 6

End If
6. If pos =1
Set Start = Start->next //deleting the first node
Start->prev = NULL
Else
Set i =1
While i < pos //traversing up to the node at pos
position
Set save = temp //save pointing to the node at pos-1
position
Set temp = temp->next //making temp to point to next node
Set 1 =1 + 1
End While
Set ptr = temp->next
Set save->next = ptr
Set ptr->prev = save
End If
7. Deallocate temp //de-allocating memory
8. End

Note: A doubly-linked list, in which the next field of the last node points to the first
node instead of “NULL"’, is termed as a doubly circular linked list.

Operation on Linked Lists
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7.5 ANSWERS TO CHECK YOUR PROGRESS
QUESTIONS
1. Whenever a node is deleted, the memory occupied by the node is de-
allocated.
2. Toinsertanode at the end of a linked list, the list is traversed up to the last
node and the next field of this node is modified to point to the new node.
3. Todelete anode fromthe end of a circular linked list, two pointer variables
save and temp are used.
7.6 SUMMARY

To insertanode at the end of a linked list, the list is traversed up to the last
node and the next field of this node is modified to point to the new node.

Toinsertanode at a position pos as specified by the user, the list is traversed
up to pos-1 position

Like insertion, nodes can be deleted from the linked list at any point of time
and from any position.

Whenever a node is deleted, the memory occupied by the node is de-
allocated.

It must be noted that while performing deletions, the immediate predecessor
of the node to be deleted must be keep track of.

To delete a node from the beginning of a linked list, the address of the first
node is stored ina temporary pointer variable temp and Start is modified to
pointto the second node in the linked list.

To delete anode from the end of a linked list, the list is traversed up to the
last node.

To delete a node from a position pos as specified by the user, the list is
traversed up to pos position using pointer variables temp and save.



Searchinga value for example item ina linked list means finding the position
of a node, which stores item as its value. If item is found in the list, the
search is successful and the position of that node is displayed.

To reverse asingly-linked list, the list is traversed up to the last node and
links of the nodes are reversed such that the first node of the list becomes
the last node and the last node becomes the first.

The links between the nodes are reversed by making the next field of the
node pointed to by ptr to point to the node pointed to by save.

Todelete anode from the beginning of acircular linked list, Start is modified
to point to the second node and field next of the last node is made to point
to the new first node.

Pointer ptr is used for traversing the listand at the end of traversing, it stores
the address of the last node.

To delete anode from the end of a circular linked list, two pointer variables
save and temp are used.

To insertanew node in the beginning of a doubly-linked list, a pointer, for
example nptr to new node is created.

7.7

KEY WORDS

Underflow: It is a situation where the user tries to delete a node from an
empty linked list.

Doubly-linked list: Itisalistin which the next field of the last node points
to the first node instead of “NULL’.

7.8

SELF ASSESSMENT QUESTIONS AND
EXERCISES

Short-Answer Questions

1. Whatare lists?
2. Write analgorithmto insert anode at the end in linked lists.
3. Writean algorithm to delete anode in the linked list?

Long-Answer Questions

1. Write adetailed note on insertion and deletion of operations in linked list.
2. What do you mean by insertion and deletion in circular linked list? Explain

indetail.

3. Write adetailed report on insertion and deletion in doubly-linked lists.

Operation on Linked Lists
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7.10 LEARNING OUTCOMES

+ Insertionand deletion of operators in linked lists
+ Understand insertionand deletion in circularand doubly-linked lists
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UNIT 8 TRAVERSAL

Structure

8.0 Introduction

8.1 Objectives

8.2 Traversing Linked Lists

8.3 Representation of Linked List

8.4 Answers to Check Your Progress Questions
8.5 Summary

8.6 Key Words

8.7 Self Assessment Questions and Exercises
8.8 Further Readings

8.9 Learning Outcomes

8.0 INTRODUCTION

In the previous unit, you have learnt about the insertion and deletion operations on
linked lists. In this unit, you will learn about the traversing and representation of
linked lists. Traversing means to access the elements of the lists for searching an
element, find the position for insertion etc.

8.1 OBJECTIVES

After going through this unit, you will be able to:
+ Discusstraversing linked lists
« Explainthe representation of linked lists
« Analyze memoryallocation

8.2 TRAVERSING LINKED LISTS

Traversing

Traversing a list means accessing the elements of a linked list, one by one, to
process all or some of the elements. For example, to display values of the nodes,
the number of nodes counted, or a particular item in the list is searched, then
traversing is required. Alist can be traversed by using a temporary pointer variable
temp, which will point to the node that is currently being processed. Initially,
temp points to the first node, processes that element, moves temp point to the
next node using the statement temp=temp->next, processes that element,
and moves on as long as the last node is not reached, that s, until temp becomes
NULL.
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Algorithm 8.1 Traversing a List |
display (Start)
1. If Start = NULL //Start points to the first node of list
Print “List is empty!!” and go to step 4
End If
2. Set temp = Start //initialising temp with Start
3. While temp != NULL
Print temp->info //displaying value of each node
Set temp = temp->next //moving temp to point to next node
End While
4. End

Another example of traversing a linked list is counting the number of nodes in the
linked list, which is described in the algorithm as illustrated here.

Algorithm 8.2 Counting the Number of Nodes |
count node (Start)
1. Set count = 0
2. Set temp = Start //initialising temp with Start
3. While temp != NULL //traversing the list
Set count = count + 1 //incrementing count
Set temp = temp->next
End While
4. Return count //returning total number of nodes in the
list
5. End

8.3 REPRESENTATION OF LINKED LIST

To maintain alinked list in the memory, two parallel arrays of equal size are used.
One array (INFO) is used for the ‘info’ field and another array (NEXT) is used
for the ‘next’ field of the nodes of a list. VValues in the arrays are stored such that the
‘i location inarrays ‘INFO’ and ‘NEXT’ contain the ‘info’ and ‘next’ fields of a
node of the list respectively. In addition, a pointer variable Start’ is maintained in
memory that stores the starting address of the list. Figure 8.1 shows the memory
representation of a linked list where each node contains an integer.

In Figure 8.1, the pointer variable Start contains 25, which is the address of
first node of the list. This node stores the value 37 in array INFO and its
corresponding element in array NEXT stores 49 which is the address of next
node in the list and so on. Finally, the node at address 24 stores value 69 in array
INFO and NULL in array NEXT, thus, it is the last node of the list. It must be
noted that values in array INFO are stored randomly and array NEXT is used to
keep atrack of the values in the list.

Memory allocation

As memory isallocated dynamicallyto the linked list, a new node can be inserted
anytime in the list. For this, the memory manager maintains a special linked list
known as a free-storage list or memory bank or free pool which consists of
unused memory cells. This list keeps a track of the free space available in the



memory and a pointer to this list is stored in a pointer variable Avai1 (see Figure Traversal

8.2). Note that the end of the free-storage list is also denoted by storing NULL in
the lastavailable block of memory.

O NEXT NOTES
21 82 4 24
Start
22
25
23
24 69 ¢ NULL
25, 37 49
26
b )
. )
. @
9 45 ¢ 21
50
Fig. 8.1 Memory Representation of a Linked List
Avail
2 INFO NEXT
21 82 24
Start
22 26
25
23 NULL
24 69 NULL
25, a7 49
26 50
* .
. .
. .
49 45 21
50 — 23
Fig. 8.2 Free-Storage List
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InFigure 8.2, Avail contains 22, hence, INFO [22] isthe starting point of
the free-storage list. Since NEXT [22] contains 26, INFO[26] is the next
free memory location. Similarly, other free spaces can be accessed and the NULL
INNEXT [ 23] indicates the end of free-storage list.

While creating a linked list or inserting an element into a linked list, if a
request for a new node arrives, the memory manager searches through the free-
storage list for the block of desired size. If the block of desired size is found, it
returns a pointer to that block. However, sometimes there is no space available,
.e., the free-storage list is empty. This situation is termed as overflow and the
memory manager replies accordingly.

84 ANSWERS TO CHECK YOUR PROGRESS
QUESTIONS

1. Tomaintainalinked listin the memory, two parallel arrays of equal size are
used.

2. Traversinga list means accessing the elements of a linked list, one by one,
to process all or some of the elements.

3. Asmemory s allocated dynamicallyto the linked list, a new node can be
inserted anytime inthe list.

85 SUMMARY

« A number of operations can be performed on singly-linked lists. These
operations include traversing, searching, inserting and deleting nodes,
reversing, sorting, and merging linked lists.

+ Creatinganode means defining its structure, allocating memoryto it, and its
initialization.

+ Todefine anode containing an integer data and a pointer to next nodein C
language, a self-referential structure can be used whose definition is as follows:

« Traversinga list means accessing the elements of a linked list, one by one,
to process all or some of the elements.



To maintain alinked list in the memory, two parallel arrays of equal size are
used.

As memory is allocated dynamically to the linked list, a new node can be
inserted anytimein the list.

While creating a linked list or inserting an element into a linked list, ifa
request for a new node arrives, the memory manager searches through the
free- storage list for the block of desired size.

If the block of desired size is found, it returns a pointer to that block.

8.6

KEY WORDS

Traversing a list: It means accessing the elements of a linked list, one by
one, to process all or some of the elements.

Linked List: Itisan ordered set of data elements, each containinga link to
its successor (and sometimes its predecessor).

8.7

SELF ASSESSMENT QUESTIONS AND
EXERCISES

Short-Answer Questions

1. Writeashort note on linked lists.
2. How are linked lists represented?

3. Listthe operations performed on linked lists.

Long-Answer Questions

1. “Traversinga list means accessing the elements of a linked list, one by one,

to process all or some of the elements.”” Explain.

2. “Asmemoryis allocated dynamically to the linked list, a new node can be

inserted anytime in the list.” Discuss.

3. “While creating a linked list or inserting an element into a linked list, if a

request for anew node arrives, the memory manager searches through the
free- storage list for the block of desired size.” Discuss.

8.8

FURTHER READINGS

Storer, J.A. 2012. An Introduction to Data Structures and Algorithms. New

York: Springer Publishing.
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Design Patterns in C++. London: John Wileyand Sons.

Pandey, Hari Mohan. 2009. Data Structures and Algorithms. New Delhi: Laxmi
Publications.

Goodrich Michael, Tamassia Roberto and Michael H. Goldwasser. 2014. Data
Structures and Algorithms in Java. London: John Wiley and Sons.
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8.9 LEARNING OUTCOMES

« Traversinglinked lists
+ Therepresentation of linked lists
+ Memoryallocation
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UNIT 9 TREES

Structure

9.0 Introduction
9.1 Objectives
9.2 Binary Trees
9.2.1 Forms/Types of Binary Tree
9.2.2 Binary Tree Representations
9.3 Answers to Check Your Progress Questions
9.4 Summary
9.5 Key Words
9.6 Self Assessment Questions and Exercises
9.7 Further Readings
9.8 Learning Outcomes

9.0 INTRODUCTION

A tree is awidely used abstract data type also called an ADT, or data structure.
This ADT simulates a hierarchical tree structure that has a root value and subtrees
of children with a parent node; these are represented as a set of linked nodes.
A binarytree is made up of nodes, where each node contains a ‘left’ and ‘right’
reference, and a data element. The topmost node in the tree is called the root.
Nodes that go with the same parent are called siblings. Inthis unit you will learn in
detail about trees.

9.1 OBJECTIVES

After going through this unit, you will be able to:
« Discussbinarytrees
« Analyze the nature of binary trees
« Explainthe forms of binary trees
« Understand the concept of extended binarytree

9.2 BINARY TREES

Abinarytreeisaspecial type of tree, which can either be empty or has finite set of
nodes such that one of the nodes is designated as root node and remaining nodes
are partitioned into two sub trees of root node known as left sub tree and right sub

NOTES

Self-Instructional
Material

Trees

125



Trees

126

NOTES

Self-Instructional
Material

tree. The nonempty left sub tree and the right sub tree are also binarytrees. Unlike
general tree each node in binary tree is restricted to have only two child nodes.
Consider a sample binarytree T shown in Figure 9.1.

Level 0 ROOt (" A
/’——-—‘.\;)/\—)\_.’—.’—s‘\

- g ~ 7N N
4 (B > s/ (C) \
Level 1 ’ LN L \
/ N \ ( \'\> \l
Level 2 / ) e N _
I .\D/J \\E/‘l \ '\F_/’ l¢—— T, right
! /- N [N d sub tree
\\ 7N /\'\ //
Level 3 \[ G) 5\H ) 7
N — ATy, left
S~ -7 sub tree

pal P g

Fig. 9.1 ABinary Tree

In Figure 9.1, the topmost node Ais the root node of the tree T. Each node
in this tree has zero or at the most two child nodes. The nodes A, B and D have
two child nodes, node C has only one child node, and the nodes G, H, Eand F are
leaf nodes having no child nodes. The nodes B, C, D are internal nodes having
child as well as parent nodes. Some basic terms associated with binary trees are:

Ancestor and descendant: Node N1 is said to be an ancestor of
node N2. N1 is the parent node of N2 or so on, whereas, node N2 is
said to be the descendant of node N1. The node N2 is said to be left
descendant of node N1 if it belongs to left sub tree of N1 and is said to
be the right descendant of N1 if it belongs to right sub tree of N1. In
binarytree shown in Figure 9.1, node Ais ancestor of node H and node
H is left descendent of node A.

Degree of a node: Degree of a node is equal to the number of its child
nodes. In binarytree shown in Figure 9.1, the nodes A, B and D have
degree 2, node C has degree 1 and nodes G, H, E and F have degree 0.

Level: Since binarytree isamultilevel data structure, each node belongs
to a particular level number. In binary tree shown in Figure 9.1, the root
node A belongs to level 0, its child nodes belongs to level 1, child nodes
of nodes B and C belong to level 2, and so on.

Depth (or height): Depth of the binary tree is the highest level number
of any node in a binary tree. In binary tree shown in Figure 9.1, the
nodes G and H are nodes with highest level number 3. Hence, the depth
ofthe binarytreeis 3.

Siblings: The nodes belonging to the same parent node are known as
sibling nodes. In binary tree shown in Figure 9.1, nodes B and C are
sibling nodes as they have same parent node, that is, A. Similarly, the
nodes D and E are also sibling nodes.



+ Edge: Edgeisaline connecting any two nodes. In binarytree shown in
Figure 9.1, there exists an edge between nodes 2 and B, whereas, there
IS no edge between the nodes B and C.

« Path: Path between the two nodes x and y is a sequence of consecutive
edges being followed from node x to y. In binarytree shown in Figure
9.1, the path between the nodes A and H is A->B->D->H. Similarly, the
path from A to Fis A->C->F.

9.2.1 Forms/Types of Binary Tree

There are various forms of binary trees that are formed by imposing certain
restrictions on them. Some of the variations of binary trees are—complete binary
tree and extended binary tree.

Complete Binary Tree

Abinarytree is said to be complete binarytree if all the leaf nodes of the tree are
at the same level. Thus, the tree has maximum number of nodes at all the levels
(Figure9.2).

Atany level n of binary tree, there can be at the most 2= nodes. That is,
At n =0, there can be at most 2° = 1 node.

At n =1, there can be at most 2! = 2 nodes.

Atn =2, there can be at most 22 = 4 nodes.

At level n, there can be at most 2° nodes.

—
/\
@{ s

Fig. 9.2 Complete Binary Tree
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Extended Binary Tree

Abinarytree s said to be extended binary tree (also known as 2-tree) if all of its
nodes are of either zero or two degree. In this type of binary trees, the nodes with
degree two (also known as internal nodes) are represented as circles and nodes
with degree zero (also known as external nodes) are represented as squares (see
Figure9.3).
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Fig. 9.3 Extended Binary Tree

9.2.2 Binary Tree Representations

Like stacks and queues, binary trees can also be represented in two ways in
memory—array (sequential) representation and linked representation. In array
representation, memory is allocated at compile time and in linked representation,
memoryisallocated dynamically.

Array representation

In array representation binary tree is represented sequentially in memory by using
single one-dimensional array. A binary tree of height n may comprise at most
2 (n+1) -1 nodes, hence an array of maximum size 2 (n+1) -1 is used for
representing such atree. All the nodes of the tree are assigned a sequence number
(fromO0to (2 (n+1) -1)-1) level by level. That is, the root node at level O is
assigned a sequence number 0, and then nodes at level 1 are assigned sequence
number in ascending order from left to right, and so on. For example, the nodes of
abinarytree of height 2, having 7 (2¢*Y-1) nodes can be numbered as shown in
Figure 9.4 (a).

0]
(M
1 2
[ G fR
3 4 5 6
D P [T

(a) Ordering of Nodes of Binary Tree

0 1 2 3 4 5 6
(M]cfrR[DJv[P]T]

(b) Nodes of Binary Tree Stored in an Array

Fig. 9.4 Array Representation of Binary Tree



The numbers assigned to the nodes indicates the position (index value) of an array
at which that particular node is stored. The array representation of this tree is
shown in Figure 9.4(b). It can be observed that if any node is stored at position p,
then its left child node is stored at 2 *p+1 position and its right child node is
stored at 2 *p+2 position. For example, in Figure 9.4(b), the node G is stored at
position 1, its left child node D is stored at position 3 (2*1+1) and its right child
node is stored at position 4 (2*1+2). Notice that if any of the nodes in the tree has
empty sub trees (except the leaf nodes), the nodes forming the part of these empty
sub trees are also numbered and their values in the corresponding position in the
array is NULL. Forexample, consider a binary tree shown in Figure 9.5(a), its
array representation is shown in Figure 9.5(b).

(a) Ordering of Nodes with Empty Sub Trees

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14
(alefc]ofe] JeJoefu] | [ [ [ [ |

(b) Nodes with Empty Sub Trees Stored in an Array
Fig. 9.5 Array Representation of Binary Tree with Empty Sub Trees

Inthis representation, an arrayof maximum size is declared (to accommodate
maximum number of nodes for a binary tree of a given height) before run-time
which leads to wastage of lot of memory space in case of unbalanced trees. In
unbalanced trees the number of nodes is very small as compared to the maximum
number of nodes for a given height. For example, consider an unbalanced tree
shown in Figure 9.6(a). Since, thistree is of height 3, an array of size 14 (2¢+9-1)
will be declared to store nodes of this tree. The array representation of this tree is
shown inFigure 9.6(b).
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0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

(Aalsf Jof [ | fel [ [ | [ [ | |

(b) Nodes of an Unbalanced Binary Tree Stored in an Array

Fig. 9.6 Array Representation of an Unbalanced Binary Tree

It can be observed from this array representation that most of the array
positions are NULL, leading to wastage of memory space. Due to this disadvantage
of array representation of binary trees, the linked representation of binary trees is
preferred.

Linked Representation

Linked representation is one of the most common and important wayof representing
abinarytree in memory. The linked representation of a binary tree is implemented
by using a linked list having info part and two pointers. The info part contains
the data value and two pointers, 1eft and right are used to point to the left
and right sub tree of anode, respectively. The structure of such anode is shown in
Figure9.7.

Pointing <+—re A e—— Pointing

to left i to right

sub tree 1 sub tree
info part

Fig. 9.7 Structure of a Node of Binary Tree
Todefineanode ofabinarytree in ‘C’ language, a self-referential structure
can be used whose definition is shown as follows:

typedef struct node
{

int info;



struct node *left;
struct node *right;
}Node;

In linked representation, a pointer variable Root of Node type is used to
point to the root node of atree. Root variable is used for accessing the root and
the subsequent nodes of a binary tree. Since binary tree is empty in the beginning,
the pointer variable Root is initialized with NULL . The linked representation of
asample binarytree (see Figure 9.1) is shown in Figure 9.8.

root [#]—

NULL NULL NULL

NULL NULL NULL NULL

Fig. 9.8 Linked Representation of a Binary Tree

9.3 ANSWERS TO CHECK YOUR PROGRESS
QUESTIONS

1. Depth of the binarytree is the highest level number of anynode in abinary
tree.

2. The nodes belonging to the same parent node are known as sibling nodes.

94 SUMMARY

« A binarytree is a special type of tree, which can either be empty or has
finite set of nodes. The nonempty left sub tree and the right sub tree are also
binarytrees.
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Degree of a node is equal to the number of its child nodes.

Since binary tree is a multilevel data structure, each node belongs to a
particular level number.

Depth of the binarytree is the highest level number of any node in abinary
tree.

The nodes belonging to the same parent node are known as sibling nodes.

There are various forms of binary trees that are formed by imposing certain
restrictions on them. Some of the variations of binary trees are—complete
binary tree and extended binarytree.

A binary tree is said to be complete binary tree if all the leaf nodes of the
tree are at the same level.

Abinarytree is said to be extended binarytree (also known as 2-tree) if all
of its nodes are of either zero or two degree.

Like stacks and queues, binary trees can also be represented in two ways
inmemory—array (sequential) representation and linked representation.

In array representation binary tree is represented sequentially in memory
byusingsingle one-dimensional array.

The numbers assigned to the nodes indicates the position (index value) of
an array at which that particular node is stored.

Linked representation is one of the most common and important way of
representing a binarytree in memory.

9.5

KEY WORDS

Complete Binary tree: Itis abinary tree if all the leaf nodes of the tree
are at the same level.

Extended Binary tree: It is a binary tree if all of its nodes are of either
zero or two degree.

9.6

SELF ASSESSMENT QUESTIONS AND
EXERCISES

Short-Answer Questions

1. Writeashort note on binary trees.

2. Show adiagrammatic representation of abinarytree.
3. What do you mean by ancestor and descendent?



Long-Answer Questions

1. Write adetailed note on the forms of binary trees.
. Howisacomplete binarytree different froman extended binarytree? Explain.
. Write adetailed note on Binary tree representations.

. “Linked representation is one of the most common and important way of
representing abinarytree in memory.” Explain.

A WD
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9.8 LEARNING OUTCOMES
+ Binarytrees
« The nature of binarytrees
« Theforms of binarytrees
« Understand the concept of extended binary tree
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UNIT 10 BINARY TREE
OPERATIONS/
APPLICATIONS

Structure
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10.1 Objectives

10.2 Traversing Binary trees

10.3 Binary Search Tree

10.4 Traversing a Binary Search Tree

10.5 Answers to Check Your Progress Questions
10.6 Summary

10.7 Key Words

10.8 Self Assessment Questions and Exercises
10.9 Further Readings

10.10 Learning Outcomes

10.0 INTRODUCTION

In the previous unit you have learnt about binary trees. This unitwill explain about
binary tree operations and applications. Abinary tree can be traversed in three
different ways— in-order, pre-order and post-order traversal. You will learn these
in detail along with the basic concepts of binary search tree.

10.1 OBJECTIVES

After going through this unit, you will be able to:
Discuss about traversing a binary tree
+ Analyze what happens when aroot node is visited in pre-order traversal
+ Understand the different ways in which a tree can be traversed
+ Explain binarysearchtree

10.2 TRAVERSING BINARY TREES

Traversing abinarytree refers to the process of visiting each and every node of the
tree exactly once. The three different ways in which a tree can be traversed are—



in-order, pre-order and post-order traversal. The main difference in these traversal
methods is based on the order in which the root node is visited. Note that in all the
traversals the left sub tree is always traversed before the traversal of the right sub
tree. To understand these traversal methods, consider asimple binary tree T, shown
inFigure 10.1.

Root of Binary tree T—( A

Ty, left
sub tree

Fig. 10.1 A Binary Tree
Pre-order
In pre-order traversal, the root node is visited before traversing its left and right
sub trees. Steps for traversing a nonempty binary tree in pre-order are as follows:
1. VisittherootnodeR.
2. Traverse the left sub tree of root node R in pre-order.
3. Traverse the right sub tree of root node R in pre-order.

For example, in binary tree T (shown in Figure 10.1), the root node A is
traversed before traversing its left sub tree and the right sub tree. In the left sub
tree T1, the root node B (of left sub tree T1) is traversed before traversing the
nodes D and E. After traversing the root node of binary tree T and traversing the
left sub tree T1, the right sub tree T2 is also traversed following the same
procedure. Hence, the resultant pre-order traversal of the binarytree T is A, B,
D,E,C,F,G.

In-order
In in-order traversal, the root node is visited after the traversal of its left sub tree

and before the traversal of its right sub tree. Steps for traversing a nonempty
binarytree inin-order are as follows:

1. Traverse the left sub tree of root node R in in-order.
2. VisittherootnodeR.
3. Traverse the right sub tree of root node R in in-order.
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For example, inbinarytree T (shown in Figure 10.1), the leftsubtree T1
is traversed before traversing the root node 2. In the left sub tree T1, the node D
is traversed before traversing its root node B (of left sub tree T1). After traversing
the node D and B, the node E is traversed. Once the traversal of left sub tree T1
and the root node A of binarytree T is complete, the right sub tree T2 is traversed
following the same procedure. Hence, the resultant in-order traversal of the binary
tree TisD,B,E,A, F, C,G.

Post-order

In post-order traversal, the root node is visited after traversing its left and right sub
trees. Steps for traversing anonempty binary tree in post-order are as follows:

1. Traverse the left sub tree of root node R in post-order.
2. Traverse the right sub tree of root node R in post-order.
3. VisittherootnodeR.

For example, in binarytree T (shown in Figure 10.1), the root node 2 is
traversed after traversing its left sub tree and the right sub tree. In the left sub tree
T1, the root node B (of left sub tree T1) is traversed after traversing the nodes D
and E. Similarly, the nodes of right sub tree T2 are traversed following the same
procedure. After traversing the left sub tree (T 1) and right sub tree (T2), the root
node A of binarytree T is traversed. Hence, the resultant post-order traversal of
the binarytree TisD, E, B, F, G, C, A.

10.3 BINARY SEARCH TREE

Binary search tree, also known as binary sorted tree, is a kind of a binary tree,
which satisfies the following conditions (Figure 10.2):

1. The datavalue in each node is a key (unique) value, that is, no two nodes
can have identical values.

2. Thedatavalues inthe nodes of the left sub tree, if exists, is smaller than the
value in the root node.

3. Thedatavaluesinthenodes of theright subtree, ifexists, is greater than the
value in the root node.

4. The leftand the right sub trees, if exists, are also binary search trees.

In other words, values in the left sub tree of a root node are smaller than the
value of the root node, and the values in the right sub tree are greater than the
value of the root node. Thisrule is applicable on all the subsequent subtreesina



binarysearchtree. Inaddition, each and everyvalue in binarysearch tree is unique,
that is, no two nodes in it can have identical values.
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Fig. 10.2 Binary Search Tree

There are various operations that can be performed on the binary search
trees. Some of these are searching a node, insertion of a new node, traversal of a
tree and deletion of a node.

Searching a Node

Searching an element ina binary search tree is easy, since the elements in this tree
are arranged in a sorted order. The element to be searched is compared with the
value in the root node. If the element is smaller than the value in the root node, then
the searching will proceed to the left sub tree and if the element is greater than the
value in the root node, then the searching will proceed to the right sub tree. This
process is repeated until either the element to be searched is found or NULL value
isencountered.

For example, consider a sample binary search tree given in Figure 10.2.
The steps to search element 45 are given as follows:

1. Compare the element 45 with the value in root node (66). Since 45 is
smaller than 66, move ittoits left sub tree.

2. Compare the element 45 with the value (40) appearing in the left sub
tree. Since 45 is greater than the 40, move it to its right sub tree.

3. Now, compare the element 45 with the value (50) appearing in the
right subtree. Since 45 is smaller than 50, moveitto its left sub tree.

4. Inthe nextstep, compare the element 45 with the value (45) appearing
in the left sub tree. Since 45 is equal to the value (45) stored in this
node, the required element is found. Therefore, terminate the
procedure.
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In case the value 48 is to be searched, the first four steps are same. After
the step 4, the right sub tree of 45 will be accessed, this is NULL indicating the end
of the tree. Therefore, the element is not found in the tree and the search is
unsuccessful.

Algorithm 10.1 Searching in a Binary Search Tree |
search(item, ptr)

1. If !(ptr)
Print "Element not found!" and go to step 3End
If
2. If item < ptr->info
Call search(item, ptr->left)
Else If item > ptr->info
Call search(item, ptr->right)
Else
Print "Element found."
End If
3. End

104 TRAVERSING A BINARY SEARCH TREE

Traversing a binary search tree is same as traversing a binary tree. That is, binary
search tree can also be traversed in three different ways—pre-order, in-order and
post-order. For example, consider the tree shown in Figure 10.2. The pre-order,
in-order and post-order traversal of this tree is as follows:

Pre-order traversal: 66 40 30 20 35 50 45 55 90 75 70
80 110 100 120

In-order traversal: 20 30 35 40 45 50 55 66 70 75 80
90 100 110 120

Post-ordertraversal: 20 35 30 45 55 50 40 70 80 75 100
120 110 90 o6

It can be observed that when a binary search tree is traversed in in-order, it
results in the sequence of elements in ascending order. The algorithms for traversing
tree in pre-order, in-order and post-order are recursive in nature, which are given
inAlgorithms 10.2t0 10.4:



Algorithm 10.2 Pre-order Traversal |
preorder(ptr)

1. If ptr I= NULL
Print ptr->info //ptr is temporary pointer initialised with Root
Call preorder(ptr->left)
Call preorder(ptr->right)
End If
2. End

Algorithm 10.3 In-order Traversal |
inorder(ptr)

1. If ptr I= NULL
Call inorder(ptr->left) //ptr is temporary pointer initialised withRoot
Print ptr->info
Call inorder(ptr->right)
End If
2. End

Algorithm 10.4 Post-order
Traversal

postorder(ptr)

1. If ptr != NULL
Call postorder(ptr->left) //ptr is temporary pointer initialised
with Root
Call postorder(ptr->right)
Print ptr->info
End If
2. End

Example 10.1: Aprogram to illustrate the various operations performed on binary
search tree (in case of deletion of a node with two child nodes, largest value from
left sub tree (in-order predecessor) is used for replacement.

#include<stdio.h>

#include<conio.h>

typedef struct node {
int info;
struct node *left;
struct node *right;
}Node;

int nodes, leaves;
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/*Function prototypes*/

void
void
void
void
void
void
void
void
void

void

void

insert node(int, Node **);

search (int, Node *);

print treeform(Node *, int);

preorder (Node *);

inorder (Node

*);

postorder (Node *);

count nodes (Node *);

count leaves (Node *);

del (Node *¥*,

Node *);

del node (int, Node **);

main ()

int choice, n;

Node *root=NULL;

do

{

clrscr();

printf (“\nMain Menu”) ;

printf (“\nl.
printf (“\n2.
printf (“\n3.
printf (“\n4.
printf (“\n5.
printf (“\né6.
printf ("\n7.
printf (“\n8.
printf (“\n9.

Insert”);

Display in tree form”);
Pre-order traversal of tree”);
In-order traversal of tree”);
Post-order traversal of tree”);
Number of nodes”);

Number of leaves”);

Searching”);

Delete”);

printf ("M\nl0.Exit”);

printf (“\nEnter your choice . . . “);

scanf (“%d”, &choice);

switch (choice)

{



case 1 : printf (“\nEnter data for new node :

case

case

case

case

case

™)
scanf (“%d”, &n);

insert node(n, &root);

break;
2 : printf ("\nTree in tree form —>\n");
if (!'root)
print treeform(root, 1);
else
printf (“Tree is empty!!”);
break;
3 : printf (“"\nPre-order traversal of tree
—>\n\n") ;
if (!root)
preorder (root) ;
else
printf (“Tree is empty!!”);
break;
4 : printf (“"\nIn-order traversal of tree
—>\n\n") ;
if (!root)
inorder (root) ;
else
printf (“Tree is empty!!”);
break;
5 : printf (“\nPost-order traversal of

tree —>\n\n");

if (!root)

postorder (root) ;
else

printf (“Tree is empty!!”);
break;

6 : 1f(root==NULL)

nodes=0;

else
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nodes=1;
count nodes (root) ;

printf (“\nNumber of nodes are :
nodes) ;

break;
case 7 : leaves=0;
count leaves(root);

printf (“\nNumber of leaves are

leaves) ;
break;
case 8 : printf (“\nEnter value of node to be

searched : %) ;
scanf (“%d”, &n);
search (n, root);

break;

case 9 : printf(“\nEnter value of node to be

deleted : V) ;
scanf (“%d”, &n);
del node (n, &root);

break;

case 10 : printf (“\nNormal termination of

program.”) ;

break;

default : printf (“\nWrong Choice !!”);

}
getch();

}while (choice!=10);

/*Function to insert node in a tree*/
void insert node(int item, Node **ptr)
{

if (! (*ptr))

{



(*ptr)=(Node*) malloc(sizeof (Node));
(*ptr)->info=item;
(*ptr) ->1eft=NULL;
(*ptr)->right=NULL;
}
if (item<(*ptr)->info)
insert node (item, & ( (*ptr)->left));
else if (item> (*ptr)->info)

insert node(item, & ((*ptr)->right));

/*Function to print tree in tree format*/

void print treeform(Node *ptr, int level)

{

int i;
if (ptr)
{

print treeform(ptr->right, level+l);

printf (“\n”);
for (i=0;i<level;i++)
printf (" ™)
printf (“%d”, ptr->info);
print treeform(ptr->left, level+l);

/*Funtion to print tree in pre-order*/

void preorder (Node *ptr)

{

if (ptr)

{
printf (“%d %, ptr->info);
preorder (ptr->left);
preorder (ptr->right) ;
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/*Funtion to print tree in in-order*/
void inorder (Node *ptr)
{

if (ptr)

{
inorder (ptr->left);

printf (“%d %, ptr->info);
inorder (ptr->right) ;

/*Funtion to print tree in post-order*/
void postorder (Node *ptr)
{

if (ptr)

{
postorder (ptr->left);

postorder (ptr->right) ;
printf (“%d ", ptr->info);

/*Function to count number of nodes in a tree*/
void count nodes (Node *ptr)
{

if (ptr != NULL)

{
if (ptr->left != NULL)
{
nodes++;
count nodes (ptr->left);



if (ptr->right != NULL)
{
nodes++;
count nodes (ptr->right);

/*Function to count number of leaves in a tree*/

void count leaves (Node *ptr)

{

i

{

f(ptr != NULL)

if ((ptr->left==NULL) && (ptr->right==NULL))
leaves++;

else
count leaves (ptr->left);

count leaves (ptr->right);

/*Function to search a node in a tree*/

void search (int item, Node *ptr)

{

if (!ptr)

{
printf (“Element not found.”);

return;

}
else if (item<ptr->info)

search (item, ptr->left);
else if (item>ptr->info)

search (item, ptr->right);

else

{
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printf (“Element found.”);
}

/*Funtion to delete a node form tree*/
void del node(int item, Node **ptr)
{
Node *save;
if (! (*ptr))
{
printf ("\nItem does not exist.”);
return;
}
else
{
if (item< (*ptr)->info)
del node(item, & ((*ptr)->left));
else

if (item> (*ptr)->info)

del node(item, & ((*ptr)->right));

else if (item==(*ptr)->info)
{
save=*ptr;
if (save->right==NULL)
{
*ptr=save->left;
free (save);
}
else
if (save->1left==NULL)
{
*ptr=save->right;

free (save);

else



del (& (save->left), save);

}

return;

/*Called from Del node() function to delete nodes with
child nodes*/

void del (Node **p, Node *q)
{
Node *delnode;
if ((*p)->right !'= NULL)
del (& ((*p)->right), q);
else
{
delnode=*p;
g->info=(*p)->info;
*p=(*p) ->left;
free (delnode) ;
}
return;

}

The output of programis

Main Menu
Insert
. Display in tree form

. Pre-order traversal of tree

1.
2
3
4. In-order traversal of tree
5. Post-order traversal of tree
6. Number of nodes

7. Number of leaves

8. Searching

9. Delete

10. Exit

Enter your choice . . . 1
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Enter data for new node : 66

: /* Similarly insert values 40 90 30
35 45 55 70 80 100 120 in this

order*/

Main Menu

1. Insert

2. Display in tree form

3. Pre-order traversal of tree
4. In-order traversal of tree
5. Post-order traversal of tree
6. Number of nodes

7. Number of leaves

8. Searching

9. Delete

10. Exit

Enter your choice . . . 2

Tree in tree form —>

120
110
100
90
80
75
70
66
55
50
45
40
35
30
20

50

75

110

20



Main Menu

. Insert

. Display in tree form

. Pre-order traversal of tree
In-order traversal of tree
Post-order traversal of tree
. Number of nodes

. Number of leaves

O ~J o o w N

. Searching

o)

. Delete
10. Exit

Enter your choice . . . 3

Pre-order traversal of tree —>

66 40 30 20 35 50 45 55 90 75
120

Main Menu

Insert

Display in tree form

. Pre-order traversal of tree
In-order traversal of tree
Post-order traversal of tree
. Number of nodes

. Number of leaves

o J o b w N

. Searching

Ne)

. Delete
10. Exit

Enter your choice . . . 4

In-order traversal of tree —>

20 30 35 40 45 50 55 66 70 75
120

70

80

80

90

110

100

100

110
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Main Menu

1. Insert

2. Display in tree form

3. Pre-order traversal of tree
4. In-order traversal of tree
5. Post-order traversal of tree
6. Number of nodes

7. Number of leaves

8. Searching

9. Delete

10. Exit

Enter your choice . . . 5

Post-order traversal of tree —>

20 35 30 45 55 50 40 70 80 75
66

Main Menu

1. Insert

2. Display in tree form

3. Pre-order traversal of tree
4. In-order traversal of tree
5. Post-order traversal of tree
6. Number of nodes

7. Number of leaves

8. Searching

9. Delete

10. Exit

Enter your choice . . . 6

Number of nodes are : 15

Main Menu
1. Insert

2. Display in tree form

100

120

110

90



. Pre-order traversal of tree
In-order traversal of tree

. Post-order traversal of tree
. Number of nodes

. Number of leaves

O J o U s W

. Searching
9. Delete
10. Exit

Enter your choice . . . 7

Number of leaves are : 8

Main Menu

Insert

. Display in tree form

. Pre-order traversal of tree
In-order traversal of tree

. Post-order traversal of tree
. Number of nodes

. Number of leaves

o J o b w Do

. Searching
9. Delete
10. Exit

Enter your choice . . . 8

Enter value of node to be searched :

Element found.

Main Menu

. Insert

. Display in tree form

. Pre-order traversal of tree
In-order traversal of tree

. Post-order traversal of tree

. Number of nodes

~ o O b w N

. Number of leaves

120
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8. Searching
9. Delete
10. Exit

Enter your choice . . . 9

Enter value of node to be deleted :

Main Menu

1. Insert

2. Display in tree form

3. Pre-order traversal of tree
4. In-order traversal of tree
5. Post-order traversal of tree
6. Number of nodes

7. Number of leaves

8. Searching

9. Delete

10. Exit

Enter your choice . . . 9

Enter value of node to be deleted :

Main Menu

1. Insert

2. Display in tree form

3. Pre-order traversal of tree
4. In-order traversal of tree
5. Post-order traversal of tree
6. Number of nodes

7. Number of leaves

8. Searching

9. Delete

10. Exit

Enter your choice . . . 2

70

75



Tree in tree form —>

120
110
100
90
80
66
55
50
45
40
35
30
20

Main Menu

1. Insert

2. Display in tree form

3. Pre-order traversal of tree
4. In-order traversal of tree
5. Post-order traversal of tree
6. Number of nodes

7. Number of leaves

8. Searching

9. Delete

10. Exit

Enter your choice . . . 9

Enter value of node to be deleted :

Main Menu
1. Insert
2. Display in tree form

3. Pre-order traversal of tree

40
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In-order traversal of tree
. Post-order traversal of tree

4
5
6. Number of nodes
7
8

NOTES . Number of leaves
. Searching
9. Delete
10. Exit
Enter your choice . . . 2
Tree in tree form —>
120
110
100
90
80
66
55
50
45
35
30
20
Main Menu
1. Insert
2. Display in tree form
3. Pre-order traversal of tree
4. In-order traversal of tree
5. Post-order traversal of tree
6. Number of nodes
7. Number of leaves
8. Searching
9. Delete
10. Exit
Enter your choice . . . 10
Self-Instructional Normal termination of program.
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10.5

ANSWERS TO CHECK YOUR PROGRESS
QUESTIONS

. Traversing a binary tree refers to the process of visiting each and every

node of the tree exactly once.

In pre-order traversal, the root node is visited before traversing its leftand
right sub trees.

Searching an element in a binary search tree is easy, since the elements in
this tree are arranged in a sorted order.

10.6

SUMMARY

Traversing a binary tree refers to the process of visiting each and every
node of the tree exactly once.

The three different ways in which a tree can be traversed are— in-order,
pre-order and post-order traversal.

The main difference in these traversal methods is based on the order in
which the root node is visited.

In pre-order traversal, the root node is visited before traversing its left and
right sub trees.

Inin-order traversal, the root node is visited after the traversal of its left sub
tree and before the traversal of its right sub tree.

In post-order traversal, the root node is visited after traversing its left and
right sub trees.

There are various operations that can be performed on the binary search
trees. Some of these are searching anode, insertion of a new node, traversal
of atree and deletion of anode.

Searching an element in a binary search tree is easy, since the elements in
this tree are arranged in a sorted order.
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10.7 KEY WORDS

« Traversing: It is the process of visiting each and every data item of the
data structure exactly once.

« Binarytree: Itisatree data structure in which each node has at most two
children, which are referred to as the left child and the right child.

10.8 SELF ASSESSMENT QUESTIONS AND
EXERCISES

Short-Answer Questions

1. What is binary search tree?
2. What do you mean by traversing binary trees?
3. How do you search anode in binary tree?

Long-Answer Questions

1. “The element to be searched is compared with the value in the root node. If
the element is smaller than the value in the root node, then the searching will
proceed to the left sub tree and if the element is greater than the value in the
root node, then the searching will proceed to the right sub tree.” Explain in
detail.

2. Write a program to illustrate the various operations performed on binary
search tree. NOTE: In case of deletion of a node with two child nodes,
largest value from left sub tree (in-order predecessor) is used for replacement.

3. Write the algorithms for Pre-order, In-order and Post order traversal.

10.9 FURTHER READINGS

Storer, J.A. 2012. An Introduction to Data Structures and Algorithms. New
York: Springer Publishing.

Goodrich Michael, Tamassia Roberto and Michael H. Goldwasser. 2014. Data
Structures and Algorithms in Java. London: John Wiley and Sons.

McMillan, Michael. 2007. Data Structures and Algorithms Using C#.
Cambridge, UK: Cambridge University Press.

10.10 LEARNING OUTCOMES

Learn about traversing a binarytree
+ What happens when aroot node is visited in pre-order traversal
« Understand the different ways in which a tree can be traversed
+ Binarysearchtree
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11.0 INTRODUCTION

In the previous unit, we considered a particular kind of a binary tree called a
Binary Search Tree (BST). Abinarytree isa binarysearch tree (BST) ifand only
ifan in order traversal of the binarytree results in a sorted sequence. The idea of
a binary search tree is that data is stored according to an order, so that it can be
retrieved very efficiently. This unit will explain the various types of operations on
binarytree.

11.1 OBJECTIVES

After going through this unit, you will be able to:
Discuss the operations in binarytree
« Understand the insertion and deletion operations
« Listthe hashingtechniques
+ Analyzethedivision remained method

11.2 INSERTION AND DELETION OPERATIONS

Insertion in abinary search tree is similar to the procedure for searching an element
inabinarysearch tree. The difference is that in case of insertion, appropriate null
pointer is searched where new node can be inserted. The process of inserting a
node in a binary search tree can be divided into two steps—in the first step, the
tree is searched to determine the appropriate position where the node is to be
inserted and in the second step, the node is inserted at this searched position.
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Here are two cases of insertion in a tree—first, insertion into an empty tree
and second, insertion into a nonempty tree. In case the tree is initially empty, the
new node to be inserted becomes its root node. In case the tree is nonempty,
appropriate position is determined for insertion. For this, first of all the value in the
new node is compared with the root node of the tree. If the value in the new node
Is less than the value in the root node, the new node is added as the left leaf if the
left sub tree is empty, otherwise the search continues in the left sub tree. On the
other hand, if the value in the new node is greater than the value in the root node,
the new node is added as the right leaf if the right sub tree is empty, otherwise the
search continues inthe right sub tree.

Fig. 11.1 A Sample Binary Search Tree

For example, consider asample binarysearch tree shown in Figure 11.1.
For inserting elements 20 and 80, follow the steps given:

1. Compare 20 with the value in the root node, that is, 66. Since 20 is
smaller than 66, move to the left sub tree.

2. Finding that the left pointer of root node is non-null, compare 20 with
the value (40) in this node. Since 20 is smaller than 40, move to the
left subtree.

3. Again, the left pointer of the current node is hon-null, compare 20
with the value (30) in this node. Since 20 is smaller than 30, move to
the leftsub tree.

4. Now, the left pointer is null, thus 20 will be inserted at this position.
After insertion, the tree will appear as shown in Figure 11.2.

{66 )
\‘/\%"JI\/
|'r-0 | /|\90~\'|
(30 /\|50 | "'f75ﬁ‘. \ﬁ.
R
New inserted -"35“ {1204

node o

Fig. 11.2 Insertion of a Node with Value 20



Steps for inserting the element 80 are as follows:

1. Compare 80 with the value in root node 66. Since 80 is greater than
66, move to the right sub tree.

2. Finding that the right pointer of root node is non-null, compare 80
with the value (90) in this node. Since 80 is smaller than 90, move to
the left sub tree.

3. Again, the left pointer of the current node is non-null, compare 80
with the value (75) in this node. Since 80 is greater than 75, move to
the right sub tree.

4. Now, the right pointer is null, thus 80 will be inserted at this position.
After insertion, the tree will appear as shown in Figure 11.3.

.."30'\] |: 50 :| |: 75 :| |:110:|
/ ’\%5\ New inserted b i’lzb“]

(20} O node

Fig. 11.3 Insertion of a Node with Value 80

Algorithm 11.1 Insertion into a Binary Search Tree |
insert_node(item, ptr)

1. If I(ptr)
Allocate memory for ptr
Set ptr->info = item
Set ptr->left = NULL
Set ptr->right = NULL
Else
If item < ptr->info
Call insert_node(item, ptr->left)
Else
Call insert_node(item, ptr->right)
End If
End If
2. End

Deleting a Node

Deletion of anode from a binary search tree involves two steps—first, searching
the desired node and second, deleting the node. Whenever a node is deleted from
atree, it must be ensured that the tree remains a binary search tree, that is, the
sorted order of the tree must not be disturbed. The node being deleted may have
zero, one or two child nodes. On the basis of the number of child nodes to be
deleted, there are three cases of deletion which are discussed as follows:

Case 1: Ifthe node to be deleted has no child node, it is deleted by making
its parent’s pointer pointing to NULL and de-allocating memory allocated to it.
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Fig. 11.4 Deletion of a Node Having No Child Node

Forexample, the node with value 75 is to be deleted from the tree shown in
Figure 11.4. Since this node has no child node, its parent’s (90) left pointer will be
made to point to NULL and the memory space of the node (75) is de-allocated.

Case 2: If the node to be deleted has only one child node, it is deleted by

adjusting its parent’s pointer pointing to its only child and de-allocating memory
allocated toit.

P
(20 (35" (45"
L e

Fig. 11.5 Deletion of a Node Having Only One Child

For example, the node with value 110 is to be deleted from the tree shown
in Figure 11.5. Since this node has one child node, its parent’s (90) right pointer
will be made to pointto its child node (120) and memaory space of the node (110)
is de-allocated.

Case 3: If the node to be deleted has two child nodes, it is deleted by
replacing its value by largest value in the left sub tree (in-order predecessor) or by
smallest value in the right sub tree (in-order successor). The node whose value is
used for replacement is then deleted using case 1 or case 2.

féé\
. -;\

| 12(.)\|
ey

Fig. 11.6 Deletion of a Node Having Two Child Nodes



For example, the node with value 40 is to be deleted from the tree shown in
Figure 11.6. Since this node has two sub trees or child nodes, a value has to be
searched from its sub trees which can be used for its replacement. The value that
will be used for replacement can either be largest value from its left sub tree (35)
orsmallest value from its right sub tree (45). Suppose, the value 35 is selected for
this purpose, then value 35 is copied in the node with the value 40. After this, the
right pointer of parent node (30) of the node used for replacement (35) is made to
point to NULL and memory allocated to the node with value 35 is de-allocated.
Asaresult of deletion of this node the order of tree is maintained. The final structure
of the tree after deletion of node 40 will be as shown in Figure 11.7.

Fig. 11.7 Binary Search Tree after Deletion

Algorithm 11.2 Deletion from Binary Search Tree |
del_node(item, ptr)

1. If !(ptr)
Print "Item does not exist." and go to step 3
2. Ifitem < ptr->info
Call del_node(item,&(ptr->left))
Else
If item > ptr->info
Call del_node(item,&(ptr->right))
Else
If item = ptr->info
Set save = ptr
If save->right = NULL
Set ptr = save->left
Deallocate save
Else
If save->left = NULL
Set ptr = save->right
Deallocate save
Else
Call del(&(save->left),save)
End If
End If
End If
End If
End If
3. End

del(p, q) // q is the node to be deleted, p is the node whose value
//is used for replacing the value in g and p is de-allocated

1. If p->right '= NULL
Call del(&(p->right),q)
Else
Set delnode = p
Set g->info = p->info
Set p = p->left
Deallocate delnode
End If
2. End
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11.3 HASHING TECHNIQUES

Hashing (also known as hash addressing) is generallyapplied to afile F containing
R records. Each record contains many fields, out of these one particular field may
uniquely identify the records in the file. Such afield is known as primary key
(denoted by k). The values ki, ko, ... in the key field are known as keys or key
values.

Whenever akey is to be inserted in the hash table, a hash function is applied
on it, which yields an index for the key. It isthen inserted at that index in the hash
table. However, since there is a finite number of locations in the hash table and
virtuallyan infinite number of keys to be stored, it is quite possible that two distinct
keys hash to the same index in the hash table. The situation in which a key hashes
to an index which is already occupied by another key is called collision. It should
be resolved by finding some other location to insert the new key. This process of
finding another location s called collision resolution.

Although, avariety of collision resolution techniques have been developed,
however, the possibility of collision should be minimized. It makes the study of
hash function an implied requirement because the hash function is responsible for
specifying the location for a new key. Therefore, the topic of hashing comprises
two major sub-parts, namely, hash functions and collision resolutions.

Since, the keys are inserted by applying hash functions on them, searching
akeyinthe hashtable is straightforward. Simply, the same hash function is applied
on the key to be searched, which yields the index at which it may be found. Then
the key at that location is compared with the desired key and if they are matched,
the search is successful.

Hash Functions

A hash function h is simply a mathematical formula that maps the keyto some slot
in the hash table T. Thus, we can say that the key k hashes to slot h(k), or h(k) is
the hash value of key k. If the size of the hash table is N, then the index of the hash
table ranges from 0 to N-1. A hash table with N slots is denoted by T[N].

Ifthe input keys are integers, then applying hash function onthem is simple.
However, if the input keys are strings, then they are first converted into integers
before applying the hash function. For this, the numeric (ASCII) code associated
with characters can be used in converting character values into integers.

There are anumber of hash functions available, however, the one which is
easy to compute and ensures that two distinct values hash to different location in
the hash table is desirable. It is quite simple to design a hash function which is
efficient and easy to compute. However, no hash function guarantees to achieve
the second condition always. However, a good hash function should keep the
number of collisions as minimum as possible. The following are some of the
commonlyused hash functions.



Division-remainder method

The division-remainder is the simplest and most commonly used method. In this
method, the key k is divided by the number of slots N in the hash table, and the
remainder obtained after division is used as an index in the hash table. That is, the
hashfunctionis
h(k) = k mod N

where, mod is the modulus operator. Different languages have different
operators for calculating the modulus. In C/C++, % operator is used for computing
the modulus.

Note that this function works well if the index ranges from 0 to N-1 (like in
C/C++). However, if the index ranges form 1 to N, the function will be
h(k) = k mod N + 1
This technique works verywell if N is either a prime number not too close
to a power of two. Moreover, since this technique requires only a single division
operation, itis quite fast.
For example, consider a hash table with N=101. The hash value of the key
value 132437 can be calculated as follows:
h(132437)=132437 mod 101 = 26

Multiplication method

Inmultiplication method, first the keyk is multiplied by a constant C, where0<C
<1, and the fractional part of the product kC is extracted. In the second step, this
fractional part is multiplied by N, and the floor of the result is taken as the hash
value. The floor of a value x denoted by [x[lis the largest integer less than or equal
to x. That is, the hash function is
h(k) = N (kC mod 1)0
where, kC mod 1 represents the fractional part of kC, calculated as kC -
kCl
Though, the constant C can take any value between 0 and 1, but still the
function gives better performance for some values of C. In his study, Knuth has
suggested that the following value of C is likely to work reasonably well.
C= (B-1) /2 =0.618033988749894848..
For example, consider a hash table with N=101 and C=0.6180339. The
hash value of the key 132437 can be calculated as follows:

h(132437) =001 * ((132437 * 0.6180339...) mod 1)U
=01 * (81850.5673680698.. mod 1)0
=[101 *0.5673680698..10
=[b7.3041750498..0
=57
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Folded key method

The folded key is also a two-step process. In the first step, the keyk is divided
into several groups from the left most digits, where each group contains n number
of digits, except the last one which may contain lesser number of digits. In the next
step, these groups are added together, and the hash value is obtained by ignoring
the last carry (ifany).

For example, if the hash table has 100 slots, then each group will have two
digits; and the sum of the groups after ignoring the last carry will also be a 2-digit
number between 0 and 99. The hash value for the key value 132437 is computed
asfollows:

1. The key value is first broken down into a group of 2-digit numbers
from the left most digits. Therefore, the groups are 13, 24, and 37.

2. These groups are then added like 13 +24 + 37 =74. Thesum 74 is
now used as the hash value for the key value 132437.

Similarly, the hash value of another keyvalue, say 6217569, can be calculated
asfollows:
1. The key value is first broken down into a group of 2-digit numbers
from the left most digits. Therefore, the groups are 62, 17, 56, and 9.
2. These groups are then added, like, 62 + 17 +56 + 9 =144. The sum
44 after ignoring the last carry 1 is now used as the hash value for the
key value 62175609.

Midsquare method

This method also operates in two steps. First, the square of the keyk (that is, k?)
is calculated, and then some of the digits from left and right ends of k? are removed.
The number obtained after removing the digits is used as the hash value. Note that
the digits at the same position of k? must be used for all the keys.

For example, consider a hash table with N=1000. The hash value of the
key value 132437 can be calculated as follows:
1. Thesquare of the keyvalue is calculated, which is, 17539558969.
2. The hash value is obtained by taking 5", 6" and 7" digits counting
fromright, whichis, 955.
Similarly, the hash value of another keyvalue, say 6217569, can be calculated
asfollows:
1. Thesquare ofthe keyvalue is calculated, which is, 38658164269761

2. The hash value is obtained by taking 5, 6" and 7" digits counting
fromright, whichis, 426.



Collision Resolution Techniques

The main problem associated with most hashing functions is that they do not yield
distinct hash addresses for distinct keys, because the number of key values is
much larger than the number of available locations in the hash table. Due to this,
sometimes the problem called collision occurs. Since one cannot eliminate collisions
altogether, one needs some mechanisms to deal with them. There are several ways
for resolving collisions, the two most common techniques used are separate chaining
and open addressing.

Separate chaining

Inthis technique, a linked list of all the key values that hash to the same hash value
is maintained. Each node of the linked list contains a key value and the pointer to
the next node. Each index i (0<=i<N) in the hash table contains the address of the
firstnode of the linked list containing all the keys that hash to the index i. If there is
no key value that hashes to the index i, the slot contains NULL value. Therefore,
in this method, a slot in the hash table does not contain the actual key values;
rather it contains the address of the first node of the linked list containing the
elements that hash to this slot.

Consider the key values 20, 32, 41, 66, 72, 80, 105, 77, 56, and 53 that
need to be hashed using the simple hash function h(k) = k mod 10. The keys 20
and 80 hash to index 0, key 41 hashes to index 1, keys 32 and 72 hashs to index
2, key 53 hashes to index 3, key 105 hashes to index 5, keys 66 and 56 hashes to
index 6 and finally the key 77 hashes to index 7. The collision is handled using the
separate chaining (also known as synonyms chaining) technique as shown in
Figure 11.8.

| 20 [ 4—p] 20 [NULL]
41 [NULL]
72 [ 4—»{ 32 [NULL]

53 [ MULL]

NULL
S 56 [ +—p{ 66 [ NULL |
- NULL

YyYVYy"v

NULL

MNULL
MNULL

WO s W O

Fig. 11.8 Caollision resolution by Separate Chaining

Note that anew element can be inserted either at the beginning or at the end
of the list. Generally, the elements are inserted in the beginning of the list because
itissimpler to implement, and moreover, it frequently happens that the elements
which are added recently are the most likely to be accessed in the near future.

The main disadvantage of separate chaining is that it makes use of pointers,
which slows down the algorithm a bit because of the time required in allocating
and deallocating the memory. Moreover, maintaining another data structure (that
is, linked list) in addition to the hash table causes extra overheads.
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Open addressing

Unlike the separate chaining method, no separate data structure is used in open
addressing because all the key values are stored in the hash table itself. Since,
each slot in the hash table contains the key value rather than the address value, a
bigger hash table is required in this case as compared to separate chaining. Some
value is used to indicate an emptyslot. For example, if it is known that all the keys
are positive values, then -1 can be used to represent a free or empty slot.

Toinserta keyvalue, first the slot in the hash table to which the key value
hashes, is determined, using any hash function. If the slot is free, the keyvalue is
inserted into that slot. In case the slot is already occupied, then the subsequent
slots, starting from the occupied slot, are examined systematically in the forward
direction, until an empty slot is found. If no empty slot is found, then an overflow
conditionoccurs.

In case of searching, first the slot in the hash table to which the key value
hashes is determined, using any hash function. Then, the key value stored in that
slot is compared with the key value to be searched. If they match, the search
operation is successful; otherwise alternative slots are examined systematically in
the forward direction to find the slot containing the desired key value. If no such
slotis found, then the search is unsuccessful.

The process of examining the slots in the hash table to find the location of a
key value is known as probing. The various types of probing are linear probing,
quadratic probing, and double hashing that are used in open addressing method.

Linear probing

Linear probingis the simplest approach for resolving collisions. It uses the following
hash function:
h(k, i) = [h’ (k) + 1] mod N
where,
h’(k) isany hash function (for simplicity we use k mod N)
i is the probe number ranging from 0 to N-1

Toinsertakeyk inthe hash table, first the slot T[h’ (k)] is probed. If this slot
is empty, the key is inserted into the slot. Otherwise, the slots T [h” (k) +117,
T[h’ (k)+2], T[h’ (k)+3], and so on (up to T[N-1]) are probed
sequentially until an empty slot is found. If no emptyslotis foundupto T [N-17,
we wrap aroundtoslotsT[0],T[1],T[2],andsoon until anemptyslotis
found or we finallyreach theslot T [h” (k) -1 1. The main advantage of linear
probing is that as long as the hash table is not full, a free slot can always be found,
however, the time taken to find an empty slot can be quite large.

To understand linear probing, consider the insertion of the following keys
into the hash table withN=10.



126, 75, 37, 56, 29, 154, 10, 99
Further consider that the basic hash functionish’ (k) =k mod N.
Step 1: The key value 126 hashes to the slot 6 as follows:

h(l126, 0) = (126 mod 10 + 0) mod 10 = (6 + 0) mod 10 = 6
mod 10 = 6

Sinceslot 6 is empty, itis inserted into this slot.

0 1 2 3 4 5 6 7 8 9

126

Step 2: Next, the key value 75 hashes to the slot 5 as follows:

h(75, 0) = (75 mod 10 + 0) mod 10 = (5 + 0) mod 10 = 5 mod
10 =5

Sinceslot5is empty, itis inserted into this slot.

0 1 2 3 4 5 6 7 8 9
75 126

Step 3: Next, the key value 37 hashes to the slot 7 as follows:

h(37, 0) = (37 mod 10 + 0) mod 10 = (7 + 0) mod 10 = 7 mod
10 = 7

Sinceslot 7 is empty, itis inserted into this slot.

0 1 2 3 4 5 6 7 8 9
75 126 37

Step 4: Now, the key value 56 hashes to the slot 6 as follows:

h(56, 0) = (56 mod 10 + 0) mod 10 = (6 + 0) mod 10 = 6 mod
10 = 6

Since slot 6 is not empty, the next probe sequence is computed as follows:
h(56, 1) = (56 mod 10 + 1) mod 10 = (6 + 1) mod 10 = 7 mod
10 = 7

Slot 7 is also not empty, the next probe sequence is computed as follows:
h (56, 2) = (56 mod 10 + 2) mod 10 = (6 + 2) mod 10 = 8 mod
10 = 8

Since slot 8 isempty, 56 is inserted into this slot.

0 1 2 3 4 5 6 7 8 9
75 126 | 37 56

Step 5: Next, the key value 29 hashes to the slot 9 as follows:

h(29, 0) = (29 mod 10 + 0) mod 10 = (9 + 0) mod 10 = 9 mod
10 = 9
Sinceslot 9is empty, itis inserted into this slot.
0 1 2 3 4 5 6 7 8 9

75 126 | 37 56 29
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Step 6: Now, the key value 154 hashes to the slot 4 as follows:

h (154, 0) = (154 mod 10 + 0) mod 10 = (4 + 0) mod 10 = 4
mod 10 = 4
Sinceslot4isempty, 154 is inserted into this slot.
0 1 2 3 4 5 6 7 8 9

154 |75 126 | 37 56 29

Step 7: Now, the key value 10 hashes to the slot 0 as follows:

h(10, 0) = (10 mod 10 + 0) mod 10 = (0 + 0) mod 10 = 0 mod
10 =0

Sinceslot 0is empty, itis inserted into this slot.

0 1 2 3 4 5 6 7 8 9
10 154 | 75 126 | 37 56 29

Step 8: Now, the key value 99 hashes to the slot 9 as follows:

h(99, 0) = (99 mod 10 + 0) mod 10 = (9 + 0) mod 10 = 9 mod
10 =9
Since slot 9is not empty, the next probe sequence is computed as follows:
h(99, 1) = (99 mod 10 + 1) mod 10 = (9 + 1) mod 10 = 10 mod
10 = 0
Slot 0 is also not empty, the next probe sequence is computed as follows:
h(99, 2) = (99 mod 10 + 2) mod 10 = (9 + 2) mod 10 = 11 mod
10 =1
Sinceslot 1isempty, 99 is inserted into this slot.
0 1 2 3 4 5 6 7 8 9
10 |99 154 | 75 | 126 |37 |56 |29

In case of searching also, the same process is followed. The only difference
is that instead of finding an empty slot to store a given key value, you find the slot
containing the desired key value. The number of probes required in both the cases
(insertion and searching) is not more than the number of slots in the hash table.

Linear probing is easy to implement, but it has a disadvantage that if the
hash table is relatively empty, then blocks (clusters) of occupied slots start forming.
This problem is known as primary clustering in which many such blocks are
separated by free slots. For example, in the previous example, the slots 0 and 1
form one cluster of occupied slots, slots 4 to 9 form another cluster of occupied
slots. These two clusters are separated by free slots 2 and 3.

Once the clusters are formed, there are more chances that subsequent
insertions will also end up in one of the cluster. This further increases the size of the
cluster, thereby increasing the number of probes required to find a free slot. The
performance gets worse as you insert more and more values in the table. To avoid
this problem, two techniques, namely, quadratic probing and double hashing are
used.



Quadratic probing

Inquadratic probing, the collision functionis quadratic instead of linear function of
i asinlinear probing. That s, it uses the following hash function:
h(k, i) = [h’ (k) + i2] mod N
where,
h’ (k) isanyhash function (for simplicity we use k mod N)
i isthe probe number ranging from 0 toN-1

Toinsert akey k in the hash table, firstthe slot T [h’ (k) ] isprobed. If
this slot is empty, the key is inserted into the slot. Otherwise, theslotsh’ (k) +12
are probed. That is, the indexesh’ (k) +1,h’ (k) +4,h’ (k) +9,andsoon
are considered until an empty slotis found. Quadratic probing can also guarantee
asuccessful insertion of akey as long as the hash table is at most half full, and the
size of the table is a prime number. The same probe sequences are followed to
search a desired key value in the hash table.

To understand quadratic probing, consider the insertion of the following
keys into the hash table with N=11.

126, 75, 37, 56, 29, 154, 10, 99
Further consider that the basic hash functionish’ (k) =k mod N.
Step 1: The key value 126 hashes to the slot 5 as follows:
h (126, 0) = (126 mod 11 + 02) mod 11 = (5 + 0) mod 11 = 5

Since slot 5 is empty, it is inserted into this slot.

0 1 2 3 4 5 6 7 8 9 10
126

Step 2: Next, the key value 75 hashes to the slot 9 as follows:
h(75, 0) = (75 mod 11 + 02) mod 11 = (9 + 0) mod 11 = 9
Sinceslot 9is empty, itis inserted into this slot.

0 1 2 3 4 5 6 7 8 9 10
126 75

Step 3: Next, the key value 37 hashes to the slot 4 as follows:
h(37, 0) = (37 mod 11 + 02) mod 11 = (4 + 0) mod 11 = 4
Sinceslot 4 is empty, itis inserted into this slot.

0 1 2 3 4 5 6 7 8 9 10
37 126 75

Step 4: Now, the key value 56 hashes to the slot 1 as follows:

h(56, 0) = (56 mod 11 + 02) mod 11 = (1 + 0) mod
11 =1
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Sinceslot 1 isempty, 56 is inserted into this slot.

0 1 2 3 4 5 6 7 8 9 10
56 37 126 75

Step 5: Next, the key value 29 hashes to the slot 7 as follows:
h(29, 0) = (29 mod 11 + 02) mod 11 = (7 + 0) mod 11 = 7
Sinceslot 7 is empty, it is inserted into this slot.

0 1 2 3 4 5 6 7 8 9 10
56 37 126 29 75

Step 6: Now, the key value 154 hashes to the slot 0 as follows:
h (154, 0) = (154 mod 11 + 02) mod 11 = (0 + 0) mod 11 = 0
Sinceslot 0 isempty, 154 is inserted into this slot.

0 1 2 3 4 5 6 7 8 9 10
154 | 56 37 126 29 75

Step 7: Now, the key value 10 hashes to the slot 10 as follows:
h(10, 0) = (10 mod 11 + 02) mod 11 = (10 + 0) mod 11 = 10
Since slot 10 isempty, itis inserted into this slot.

0 1 2 3 4 5 6 7 8 9 10
154 | 56 37 126 29 75 10

Step 8: Now, the key value 99 hashes to the slot 0 as follows:
h(99, 0) = (99 mod 11 + 02) mod 11 = (0 + 0) mod 11 = 0
Since slot 0 is not empty, the next probe sequence is computed as follows:

h(99, 1) = (99 mod 11 + 12) mod 11 = (0 + 1) mod 11 = 1
Slot 1 isalso not empty, the next probe sequence is computed as follows:
h(99, 2) = (99 mod 11 + 22) mod 11 = (0 + 4) mod 11 = 4
Slot 4 is also not empty, the next probe sequence is computed as follows:
h(99, 3) = (99 mod 11 + 32) mod 11 = (0 + 9) mod 11 = 9
Slot 9 is also not empty, the next probe sequence is computed as follows:
h(99, 4) = (99 mod 11 + 42) mod 11 = (0 + 16) mod 11 = 5
Slot 5 isalso not empty, the next probe sequence is computed as follows:
h(99, 5) = (99 mod 11 + 52) mod 11 = (0 + 25) mod 11 = 3

Sinceslot 3isempty, 99 is inserted into this slot.

0 1 2 3 4 5 6 7 8 9 10
154 | 56 99 37 126 29 75 10

Though quadratic probing eliminates primaryclustering, it sometimes results
inamilder form of clustering known as secondary clustering where the key values
that initially hash to the same position will probe the same sequence of slots. For
example, consider akeyvalue 88 that isto be inserted into the hash table. Initially,



it hashes to slot O (as that of the key 99). Therefore, it will follow the same probe
sequence, thatis, 1,4, 9, 5, 3.

Double hashing

As you have seen that both the linear and quadratic probing add increments to the
initial hashvalue h’ (k) to define a probe sequence. Linear probing adds i, and
quadratic probing adds i 2 to the initial hash value to find an alternative slot. Both
these increments are independent of the key k. The double hashing method, on
the other hand, uses a different hash function h’ * (k) to compute these
increments. Therefore, the increments are dependent on the key. Double hashing
usesthe following hash function:
h(k, i) = [h’ (k) + i*h’’ (k)] mod N
where,
h’ (k) isany hash function (for simplicity we use k mod N)

h’’ (k) isanother hash function (for simplicity we use k mod N’
where N’ isslightly lessthan N (say N-1 or N-2))

i isthe probe number ranging from 0 toN-1

Initially, when a key k is to be inserted into the hash table, the first slot
probed is T [h’ (k) ]. If this slot is empty, the key is inserted into the slot.
Otherwise, alternative slots are searched using another independent hash function
(hence the name double hashing). In case of searching also, the same process is
followed until the desired key value is found, or all the key values in the table are
examined.

To understand double hashing, consider the insertion of the following keys
into the hash table with N=1 3.

126, 75, 37, 56, 29, 152, 35, 99
Further, consider that the basic hash functionish’ (k) =k mod Nand
h’’ (k)=k mod (N-2).
Step 1: The key value 126 is hashes to the slot 9 as follows:

h(126, 0) = (126 mod 13 + 0* (126 mod 11)) mod 13 = (9 + 0)
mod 13 = 9

Sinceslot 9is empty, itis inserted into this slot.

0 1 2 3 4 5 6 7 8 9 10 |11 | 12
126

Step 2: Next, the key value 75 hashes to the slot 10 as follows:

h(75, 0) = (75 mod 13 + 0* (75 mod 11)) mod 13 = (10 + 0)
mod 13 = 10

Since slot 10 is empty, itis inserted into this slot.

0 1 2 3 4 5 6 7 8 9 10 |11 | 12
126 | 75
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Step 3: Next, the key value 37 hashes to the slot 11 as follows:
h (37, 0) = (37 mod 13 + 0% (37 mod 11)) mod 13 = (11 + 0)
mod 13 = 11

Sinceslot 11 isempty, it is inserted into this slot.

5 6 7 8 9 10 |11 | 12
126 | 75 | 37

0 1 2 3 4

Step 4: Now, the key value 56 hashes to the slot 4 as follows:
h(56, 0) = (56 mod 13 + 0* (56 mod 11)) mod 13 = (4 + 0) mod
13 =4

Since slot 4 isempty, 56 is inserted into this slot.

0 1 2 3 4 5 6 7 8 9 10 | 11 |12

56 126 | 75 |37
Step 5: Next, the key value 29 hashes to the slot 3 as follows:
h(29, 0) = (29 mod 13 + 0% (29 mod 11)) mod 13 = (3 + 0) mod
13 =3

Sinceslot 3isempty, itis inserted into this slot.
1 [2 3 [4 [5 [6 [7 [8 9 [10 11 |12

0

29 |56 126 | 75 | 37
Step 6: Now, the key value 152 hashes to the slot 9 as follows:
h (152, 0) = (152 mod 13 + 0* (152 mod 11)) mod 13 = (9 + 0)
mod 13 = 9
Since slot 9is not empty, the next probe sequence is computed as follows:
h (152, 1) = (152 mod 13 + 1*(152 mod 11)) mod 13 = (9 + 9)
mod 13 = 5

Sinceslot5isempty, 152 is inserted into this slot.
3 [4 [5 6 [7 [8 [9 10 | 11 | 12

0 1 ]2

29 |56 | 152 126 | 75 | 37

Step 7: Now, the key value 35 hashes to the slot 9 as follows:
h (35, 0) = (35 mod 13 + 0* (35 mod 11)) mod 13 = (9 + 0) mod
13 =9

Since slot 9is not empty, the next probe sequence is computed as follows:
h(35, 1) = (35 mod 13 + 1*(35 mod 11)) mod 13 = (9 + 2) mod
13 =11

Slot 11 is also not empty, the next probe sequence is computed as follows:
h (35, 2) = (35 mod 13 + 2* (35 mod 11)) mod 13 = (9 + 4) mod
13 =0

Since slot 0isempty, 35 is inserted into this slot.

0 1 |2 |3 4 5 6 |7 |8 |9 10 | 11 | 12
35 29 | 56 | 152 126 | 75 | 37




Step 8: Now, the key value 99 hashes to the slot as follows:

h(99, 0) = (99 mod 13 + 0*(99 mod 11) mod 13 = (8 + 0) mod
13 =8

Since slot 8 isempty, 99 is inserted into this slot.

0 1 12 |3 4 5 6 (7 |8 9 10 |11 |12
35 29 | 56 | 152 99 | 126 |75 | 37

Since the increment in double hashing depends on the value of key k, the
values that hash to the same initial slot may have different probe sequences. Thus,
double hashing almost eliminates the problem of primaryand secondary clustering
and its performance is very close to the ideal hashing. For example, the key value
35 initially hashes to slot 9 (as that of the key 152). However, the next probe
sequence for 35is 11 (not5 as in case of 152).

11.4 ANSWERS TO CHECK YOUR PROGRESS
QUESTIONS

1. Hashingisalso known as hash addressing.

2. Ahash function h is simply a mathematical formula that maps the key to
someslotinthe hashtableT.

3. The main problem associated with most hashing functions is that they do
not yield distinct hash addresses for distinct keys

11.5 SUMMARY

« Insertion inabinary search tree is similar to the procedure for searchingan
elementinabinarysearch tree.

+ The process of inserting a node in a binary search tree can be divided into
two steps—inthe first step, the tree is searched to determine the appropriate
position where the node is to be inserted and in the second step, the node is
inserted at this searched position.

* Here are two cases of insertion in a tree—first, insertion into an empty tree
and second, insertion into a nonemptytree.
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+ The process of inserting a node in a binary search tree can be divided into
two steps—in the first step, the tree is searched to determine the appropriate
position where the node is to be inserted and in the second step, the node is
inserted at this searched position.

+ Deletion of a node from a binary search tree involves two steps—first,
searching the desired node and second, deleting the node.

+ Ifthe node to be deleted has two child nodes, it is deleted by replacing its
value by largest value in the left sub tree (in-order predecessor) or bysmallest
value inthe right sub tree (in-order successor).

+ Hashing (also known as hash addressing) is generally applied to a file F
containing R records.

« Wheneverakeyisto be inserted in the hash table, a hash function is applied
on it, which yields an index for the key.

+ Since, the keys are inserted by applying hash functions on them, searching
akeyinthe hashtable is straightforward.

+ Ahash function h is simply a mathematical formula that maps the key to
someslotinthe hashtableT.

+ There are anumber of hash functions available, however, the one which is
easyto compute and ensures that two distinct values hash to different location
inthe hash table is desirable.

« The main problem associated with most hashing functions is that they do
not yield distinct hash addresses for distinct keys, because the number of
key values is much larger than the number of available locations in the hash
table.

« There are several ways for resolving collisions, the two most common
techniques used are separate chaining and open addressing.

+ Inthistechnique, alinked list of all the key values that hash to the same hash
value is maintained.

+ The main disadvantage of separate chaining is that it makes use of pointers,
which slows down the algorithm a bit because of the time required inallocating
and deallocating the memory.

+ Unlike the separate chaining method, no separate data structure is used in
open addressing because all the key values are stored in the hash table
itself.

116 KEY WORDS

« Hash table: Itis a data structure that is used to store keys/value pairs. It
uses a hash function to compute an index into an array in which an element
will be inserted or searched.



« Division-remainder method: Itis the simplest and most commonly used
method. In this method, the key k is divided by the number of slots N in the
hash table, and the remainder obtained after division is used as an index in
the hash table.

11.7 SELF ASSESSMENT QUESTIONS AND
EXERCISES

Short-Answer Questions

1. What do you mean by division remainder method?

2. Listafew hashingtechniques.

3. Draw adiagram of deletion of a node having two child nodes.

4. Write ashort note about insertion and deletion operations.
Long-Answer Questions

1. “Insertioninabinarysearch tree is similar to the procedure for searchingan

elementinabinarysearch tree.” Explain in detail.

2. What are the various cases of insertion in a binarysearch tree? Explain.

3. What do you mean by deleting a node?

4. Explainthe Division-remainder method in detail.

11.8 FURTHER READINGS

Storer, J.A. 2012. An Introduction to Data Structures and Algorithms. New
York: Springer Publishing.

Preiss, Bruno. 2008. Data Structures and Algorithms with Object-Oriented
Design Patterns in C++. London: John Wileyand Sons.

Pandey, Hari Mohan. 2009. Data Structures and Algorithms. New Delhi: Laxmi
Publications.

Goodrich Michael, Tamassia Roberto and Michael H. Goldwasser. 2014. Data
Structures and Algorithms in Java. London: John Wiley and Sons.

McMillan, Michael. 2007. Data Structures and Algorithms Using C#.
Cambridge, UK: Cambridge University Press.

11.9 LEARNING OUTCOMES

« The operationsin binarytree

« Understand the insertion and deletion operations
+ Thehashing techniques

+ Thedivisionremained method
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BLOCK - IV
SEARCHING TECHNIQUES

UNIT 12 SEARCHING

Structure

12.0 Introduction
12.1 Objectives
12.2 Searching
1221 Linear Search
12.2.2 Binary Search
12.3 Answers to Check Your Progress Questions
12.4 Summary
12.5 Key Words
12.6 Self Assessment Questions and Exercises
12.7 Further Readings
12.8 Learning Outcomes

12.0 INTRODUCTION

In thisunit, you will learn about various types of searching techniques. Searching is
the process of finding a given value position in a list of provided values. Searching
helps to decide whether a search key is present in the data or not. It can be defined
asthealgorithmicprocess of findingaparticular item inacollection of items. Searching
can be done on both internal data structure and on external data structures.

121 OBJECTIVES

After going through this unit, you will be able to:
« Learnaboutsearching techniques
« Understand about linear search
+ Explainbinarysearch
« Discussabout interpolation search

12.2 SEARCHING

While solving a problem, a programmer may need to search a value in an array.
The process of finding the occurrence of a particular dataitem ina list is known as
searching. Search is said to be successful or unsuccessful depending on whether
the data item is found or not. The various search techniques are linear binary,
Fibonacci and interpolation searches.



12.2.1 Linear Search

Linear search is one of the simplest searching technigues. In this technique, the
array is traversed sequentially from the first element until the value is found or the
end of the array is reached. While traversing, each element of the array is compared
with the value to be searched, and if the value is found the search is said to be
successful. This technique is suitable for performingasearch inasmall array or in
an unsorted array.

Algorithm 12.1 Linear Search

linear_search (ARR, size, item)
1. Seti=0
2. Whilei < size
If ARR [i] = item //item is the value to be searched
Return i and go to step 4

End If
Seti=i+1
End While
3. Return -1 //search unsuccessful
4. End

Example 12.1: Aprogram to perform linear search

#include<stdio.h>
#include<conio.h>
#define MAX 20

/*Function prototype*/
int linear search(int ARR[] , int size , int item );

void main ()
{
int ARR[MAX];
int item, size, pos, i;
do
{
clrscr();

printf (“\nEnter the size of the array (max %d): “,
MAX) ;

scanf (“%d”, &size);
}while (size>MAX) ;
printf (“\nEnter elements of the array:\n”);
for (i=0;i<size;i++)
scanf (“%d”, &ARR[1i]);
printf (“\nEnter the element to be searched: “);
scanf (“%d”, &item);
pos=linear search(ARR, size, item);

if (pos==-1)
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printf (“\nElement not found”);
else

printf (“\nElement found at location: %d”, pos+l);
getch () ;

int linear search(int ARR[], int size, int item)
{

int i;

for (i=0;i<size;i++)

{

if (ARR[i1]==item)
return (i) ;
}

return (-1);

The output of the program s
Enter the size of the array (max 20): 5

Enter elements of the array:
1

4
3
6
7

Enter the element to be searched: 4

Element found at location: 2

12.2.2 Binary Search

The binary search technique is used to search for a particular element in a sorted
(inascending or descending order) array. In this technique, the element to be
searched (say, i tem) iscompared with the middle element of the array. If i tem
is equal to the middle element, then the search is successful. If i temissmaller
than the middle element, i temis searched in the segment of the array before the
middle element. However, if i tem is greater than the middle element, i temis
searched in the array segment after the middle element. This process is repeated
until the element is found or the array segment is reduced to asingle element that
isnotequal to i tem.

At every stage of the binary search technique, the array is reduced to a
smaller segment. It searches a particular element in the lowest possible number of



comparisons. Hence, the binary search technique is used for larger and sorted
arrays, as it is faster compared to linear search. For example, consider an array
ARR shown here:

1 2 3 4 5 6 7
0 1 2 3 4 5 6

To search an item (say, 7) using binary search in the array ARR with
size=7,the following steps are performed.

1. Initially, set LOW=0 and HIGH=s1ze—1. The middle of the array
is determined using the formula MID= (LOW+HIGH) /2, that s,
MID=(0+6) /2, whichisequal to 3. Thus, ARR [MID]=4.

LOW MID HIGH

! ! |

1 2 3 4 5 6 7
0 1 2 3 4 5 6

2. Since the value stored at ARR [3] is less than the value to be
searched, that is 7, the search process is now restricted from ARR [ 4 ]
toARR[6]. Now LOW is4 and HIGH is 6. The middle element of
this segment of the array is calculated as MI D= (4+6) /2, that s, 5.
Thus, ARR [MID]=6.

LOW MID HIGH

S T
5 |6 |7
4 5 6

3. Thevalue stored at ARR [ 5] is less than the value to be searched,
hence the search process begins from the subscript 6. AS ARR [ 6]
is the last element, the i tem to be searched is compared with this
value. Since ARR [ 6] is the value to be searched, the search is
successful.

Algorithm 12.2: Binary Search |
binary_search(ARR, size, item)
1. SetLOW =0
2. Set HIGH = size - 1
3. While LOW <= HIGH
Set MID = (LOW + HIGH) / 2
If ITEM = ARR[MID]
Return MID and go to step 5
Else If item < ARR[MID]
Set HIGH = MID - 1

Else
Set LOW = MID + 1
End If
End While
4. Return -1
5. End
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Example 12.2: Aprogram to perform binary search

#include<stdio.h>
#include<conio.h>
#define MAX 20

/*Function prototype*/

int binary search(int ARR[], int size, int item);

void main ()
{
int ARR[MAX];
int item, size, pos, 1i;
do
{

clrscr();

printf (“\nEnter the size of the array (max %d): “,

MAX) ;
scanf (“%d”, &size);
lwhile (size>MAX) ;
printf (“\nEnter elements in sorted order:\n”);
for (1=0;1i<size;i++)
scanf (“%d”, &ARR[1]);
printf (“\nEnter the element to be searched: “);
scanf (“%d”, &item);
pos=binary search (ARR, size, item);
if (pos==-1)
printf (“\nElement not found”);
else
printf (“\nElement found at location: %d”, pos+l);
getch();

int binary search(int ARR[], int size, int item)
{
int LOW=0;
int HIGH=size-1;
int MID;
while (LOW<=HIGH)
{
MID= (HIGH+LOW) /2;
if (ARR[MID]==item)
return MID;



else
if (item<ARR[MID])
HIGH=MID-1;
else
LOW=MID+1;
}

return (-1);

The output of the programis
Enter the size of the array (max 20): 5

Enter elements in sorted order:

11

22

33

44

55

Enter the element to be searched: 33

Element found at location: 3
Fibonacci Search

Like binary search, Fibonacci search is also applied on sorted arrays. However,
unlike, binary search it does not compare the element to be searched (say, i tem)
with the middle element of the list. Instead, it uses Fibonacci series to determine
the index, say pos, where to look in the array.

The Fibonacci series up to n terms (generally denoted by 70, F1,
F2, .., Fn), isgenerated as follows:
0, 1, 1, 2, 3, 5, 8, 13, 21...

That is, each successive term is the sum of its two
preceding terms. That is,

If n=0 or n=1
Then
Fn = n,
Else
Fn = Fn-2 + Fn-1
Initially, the search takes a smallest number, say Fm, of Fibonacci series
that is greater than or equal to the s i ze, where s1i ze is the number of elements
inthe array. Then, it compares the i temwith the element at Fm-1 position in the
array. Theresultisas follows:

« Iftheyare equal, search is successful, element found at position Fm-
1+1.
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« Ifthe i temissmaller, itis searched in the sub-list left to Fm-1.
« Ifthe i temisgreater, itis searched in the sub-list rightto Fm-1.

If i temisnot found, again a smallest number of Fibonacci series that is
greater than or equal to the size of the sub-list (left or right) to be searched is
taken, and the whole process is repeated until the desired element is found or the
sub-listis reduced to asingle elementthat is notequal to i tem.

To understand the Fibonacci search, consider the array ARR shown
here. Suppose you need to search the element 13.

1 7 113|119 | 25| 31| 36
0 1 2 3 4 5 6

Since the size of the array is 7, the initial value of Fmwill be 8. The search
first compares the element 13 with element at index 5 (Fm-1), that is, 26. Since
13is lessthan 26, the sub-list left to index 5 is considered. The size of this sub-list
is 5, therefore, new Fm will be 5. Now, the element 13 is compared with the
elementatindex 3 (Fm-1), thatis, 13. Since, itis the desired element, the search
is successful, and the element is found at position 4.

Algorithm 12.3 Fibonacci Search |
fibonacci_search(ARR, size, item)

1. Setflag = 0, first = 0, pos = -1, last = size
2. While (flag '= 1 AND first <= last)

Set index = retfib(size) //calling retfib() function
If item = ARR[index+first]

Setflag = 1

Set pos = index

Break //jump out of the loop

Else if item > ARR[index+first]
Set first = index + 1
Set size = last - first

Else
Set last = index - 1
Set size = last - first + 1
End If
End While

3. Ifflag=1
Return (pos + first + 1) and go to step 4Else
Return -1

End If
4. End

retfib(n) //function to generate a Fibonacci number

1. Seta=1,b=1,c=1
2. If(n=00RnN=1)
Return 0 and go to step 3
Else
Whilec < n
Setc=a+b
Seta=b
Setb =c
End While
Return a

End If
3. End




Example 12.3: Aprogram to implement Fibonacci search Searching
#include<stdio.h>
#include<conio.h>
#define MAX 20 NOTES

/*Function prototypes*/

int fibonacci search(int [], int, int);

int retfib (int n);

void main ()
{

int ARR[MAX], size, item, pos, 1i;
do

clrscr();

printf (“\nEnter the size of the array (max %d): “,
MAX) ;

scanf (“%d”, &size);
}while (size>MAX) ;
printf (“\nEnter elements in sorted order:\n”);
for (i=0;i<size;i++)
scanf (“%d”, &ARR[1i]);
printf (“\nEnter the element to be searched: “);
scanf (“%d”, &item);
pos=fibonacci search(ARR, size, item);
if (pos==-1)
printf (“\nElement not found”);
else
printf (“\nElement found at location: %d %, pos);
getch () ;

int retfib (int n)

int a=1, b=1, c=1, 1i;

if(n==0 || n==1)
return 0;

else

{
while (c<n)
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c=atb;
a=b;
b=c;

}

return a;

int fibonacci search(int ARR[], int size, int item)
{
int flag=0, first=0, index, pos=-1, last=size;
while (flag!=1 && first<=last)
{
index=retfib(size);
if (item==ARR[index+first])
{
flag=1;
pos=index;
break;
}
else if (item>ARR[index+first])
{
first=index+1;
size=last-first;
}
else
{
last=index-1;
size=last-first+l;

}
if(flag==1)
return (pos+first+l);
else
return -1;
}
The output of the program s

Enter the size of the array (max 20): 5



Enter elements in sorted order:
45

67

89

100

120

Enter the element to be searched: 67

Element found at location: 2

Interpolation Search

Interpolation search is similar to binary search in the sense that it also applies on
sorted arrays. However, it is based on the assumption that the elements in the list
are uniformlydistributed. This isdone isamanner, that the probability of an element
being in aparticular range equals its probability of being in any other range of the
same length. Thus, instead of determining the middle element using the formula
(Low+high) /2, interpolation search determines the location of the i temto
be searched. This is done according to the magnitude of the i tem relative to the
firstand lastelements of the array.

For example, if an array contains 10 elements ranging from 1 to 100 which

are uniformly distributed, then according to the interpolation search, the element
50 lies in between the list.

Therefore, it uses the following formula for calculating the mi d:
mid = low+ (high-low)* ((item-ARR[low])/ (ARR[high]-
ARR[low]))
To understand the interpolation search, consider the array ARR. Suppose
you have to search the element 13. Note that the elements inthis arrayare uniformly
distributed.

1 7 113 (19| 25| 31| 36
0 1 2 3 4 5 6

Initially, low=0, high=6, ARR[low]=ARR[0]=1, and
ARR[high]=ARR[6]=37, therefore the value of mid can be calculated as
follows:

mid = 0+(6-0)* ((1301)/(37-1))

= 6*(12/36)
= 6%0.33
=2

Since ARR [mid]=ARR[2]=13,whichisthedesired element, the search
terminates successfully.
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Algorithm 12.4 Interpolation Search |

interpol_search(ARR, size, item)

1. Setlow = 0, high = size - 1, flag = -1
2. While low <= high

If high = low
If ARR[low] = item
Set flag = low
End If
Break //jump out of the loop
End If

Set mid = low + (high - low) * ((item - ARR[low]) / (ARR[high] - ARR[low]))If
ARR[mid] = item

Set flag = midBreak
Else if ARR[mid] > item

Set high = mid - 1

Else
Set low = mid + 1
End If
3. Return (flag)
4. End

Example 12.4: Aprogram to implement interpolation search
#include<stdio.h>
#include<conio.h>
#define MAX 20

int interpol search(int [], int, int);

void main ()
{
int ARR[MAX];
int item, size, pos, 1i;
do
{

clrscr();

printf (“\nEnter the size of the array (max %d): “,
MAX) ;
scanf (“%d”, &size);
}while (size>MAX) ;
printf (“\nEnter elements in sorted order:\n”);
for (1=0;1i<size;i++)
scanf (“%d”, &ARR[1]);
printf (“\nEnter the element to be searched: “);
scanf (“%d”, &item);
pos=interpol search(ARR, size, item);
if (pos==-1)
printf (“\nElement not found”);



else
printf (“\nElement found at location: %d”, pos+l);

getch();

int interpol search(int ARR[], int size, int item)
{
int mid, low, high, flag=-1;
low=0;
high=size-1;
while (low<=high)
{
if (high==1low)
{
if (ARR[low]==1item)
flag=low;
break;

}
mid=low+ (high-low)* (float) (item-ARR[low]) /
(ARR[high] -ARR[low]) ;
1f (ARR[mid]==item)
{
flag=mid;
break;
}
else 1if (ARR[mid]>item)
high=mid-1;
else
low=mid+1;
}
return (flag);

The output of the programis
Enter the size of the array (max 20): 8

Enter elements in sorted order:
20
40
65
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80

100
120
180
200

Enter the element to be searched: 180

Element found at location: 7

Comparison of Different Search Algorithms

This section gives the analysis of different search algorithms and determines their
timecomplexities.

Analysis of Linear Search

In the best case, when the item is found at first position, the search operation
terminates successfullywith onlyone comparison. Thus, in this case the complexity
of thealgorithmis O (1) . Inthe worst case, when the item to be searched appears
atthe end of the list or is not present in the list, linear search requires ncomparisons.
In both the cases, the average complexity of linear search is O (n) .

Analysis of Binary Search

In each iteration, binary search algorithm reduces the array to one half. Therefore,
for an array containing n elements, there will be 1og2n iterations. Thus, the
complexity of binary search algorithmis O (1og2n) . This complexity will be
same irrespective of the position of the element, even if the element is not present
inthelist.

Analysis of Fibonacci Search

The complexity of Fibonacci search is similar to that of binary search, that is,
0 (1log2 n).Howeveringeneral, the performance of Fibonacci search is always
worse than binary search. Finding the middle element in binary search involves
division operation [ (low+high) /21, butin Fibonacci search only addition
or subtraction operation is involved. Therefore, the average performance of
Fibonacci search may be better than binary search on computers where division is
more time consuming than addition or subtraction.

Analysis of Interpolation Search

The performance of interpolation search is highly dependent on the distribution of
elements in the list. In the best case when the elements are uniformly distributed,
the interpolation search requires 1og2n (1og2n) comparisons, as compared
to binary search which requires 1og2n comparisons. Thus, in this case



interpolation search has a verypoor performance. On the other hand, if the elements
are not uniformly distributed, then interpolation search gives a very poor
performance. In the worst case, the value of mid can consistently be equal to
low+1 or high-1. In this case, the performance of interpolation search
deteriorates to linear search. However, the performance of binary search can never
exceed 1og2n.

12.3

ANSWERS TO CHECK YOUR PROGRESS
QUESTIONS

. The process of finding the occurrence of a particular data itemin a list is

known as searching.

. Interpolation search is similarto binary search inthe sense that it also applies

on sorted arrays.

. Ifthe elements are not uniformly distributed, then interpolation search gives

avery poor performance.

12.4

SUMMARY

The process of finding the occurrence of a particular data item ina list is
known as searching.

The various search techniques are linear binary, Fibonacci and interpolation
searches.

Linear search is one of the simplest searching techniques. In this technique,
the array is traversed sequentially from the first element until the value is
found or the end of the array is reached.

The binary search technique is used to search for a particular elementina
sorted (in ascending or descending order) array.

At every stage of the binary search technique, the array is reduced to a
smallersegment.

Interpolation search is similar to binary search in the sense that it also applies
onsorted arrays.
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Searching + Inthebest case, whenthe itemis found at first position, the search operation
terminates successfullywith only one comparison.

« Ineach iteration, binary search algorithm reduces the array to one half.
Therefore, foran array containing n elements, there will be log2n iterations.

+ The performance of interpolation search is highly dependent on the
distribution ofelementsinthe list.

« Ifthe elements are not uniformly distributed, then interpolation search gives
avery poor performance.
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« Linear search: It is one of the simplest searching technique, where the
array is traversed sequentially from the first element until the value is found
or the end of the array is reached.

 Binary search: It is a search technique which is used to search for a
particular element in a sorted (in ascending or descending order) of array.

126 SELF ASSESSMENT QUESTIONS AND
EXERCISES

Short-Answer Questions

1. Write ashort note on searching.

2. What do you mean by linear search?
3. Write anote on binary search.

4. Write analgorithm for binary search.

Long-Answer Questions

1. Write a program to perform linear search.
2. Write a program to perform binary search.

3. “The binary search process is repeated until the element is found or the
array segment is reduced to a single element that is not equal to item.”
Discuss.

4. Give adetailed comparison of different search algorithms.

12.7 FURTHER READINGS
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Design Patterns in C++. London: John Wiley and Sons.

Pandey, Hari Mohan. 2009. Data Structures and Algorithms. New Delhi: Laxmi
Publications.

Goodrich Michael, Tamassia Roberto and Michael H. Goldwasser. 2014. Data
Structures and Algorithms in Java. London: John Wileyand Sons.

McMillan, Michael. 2007. Data Structures and Algorithms Using C#.
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UNIT 13 SORTING

Structure
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13.8 Key Words
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13.10 Further Readings

13.11 Learning Outcomes

13.0 INTRODUCTION

Inthe previous unit, you learnt about searching. This unitwill discuss sorting. Sorting
refersto the way in which datais arranged ina particular order. Asorting algorithm
is employed to rearrange a given array elements according to a comparison
operator on the elements. This unit will first begin with the definition of sorting. It
will then discuss Bubble Sort, Insertion Sort and Radix Sort.

13.1 OBJECTIVES

After going through this unit, you will be able to:

« Discusssorting
+ Describe the process of insertion sorting, bubble sorting and bucket sorting

13.2 DEFINITION

The process of arranging the data in some logical order is known as sorting. The
order can be ascending or descending for numeric data, and alphabetically for
character data. There are two types of sorting, namely, internal sorting and external
sorting. Ifall the datathat is to be sorted fits entirely in the main memory, then internal
(in-memory) sorting is used.

On the other hand, if all the data that is to be sorted do not fit entirely in the
main memory, external sorting is required. An external sorting requires the use of



external memory such as disks or tapes during sorting. In external sorting, some
part of the data is loaded into the main memory, sorted using any internal sorting
technique and written back to the disk in some intermediate file. This process
continues until all the data is sorted.

Internal Sorting

There are different internal sorting algorithms such as insertion sort, bubble sort,
selection sort, heap sort, merge sort, quick sort and bucket sort. The choice of a
particular algorithm depends on the properties of the data and the operations to
be performed on the data. For all these algorithms, we will consider an array ARR
containing n elements, which are to be sorted inan ascending order.

13.3 BUBBLE SORT

The bubble sort algorithm requires n—1 passes to sort an array. In the first pass,
each element (except the last) in the list is compared with the element next to it,
and if one element is greater than the other then both the elements are swapped.
After the first pass, the largest element in the list is placed at the last position.
Similarly, inthe second pass the second largest element is placed at its appropriate
position. Thus, in each subsequent pass, the next largest element is placed at its
appropriate position. Since this algorithm makes the larger values to ‘bubble up’
to the end of the list, it is named bubble sort.

The bubble sort algorithm possesses an important property. This property
isthat if a particular pass is made through the list without swapping any items, then
there will be no further swapping of elements in the subsequent passes. This property
can be used to eliminate the unnecessary passes once the list is sorted in the
desired order. For this, a £ 1ag variable can be used to detect if any interchange
has been made during the pass. We use f 1ag = 0 to indicate that no swaps have
occurred in a particluar pass, therefore, no further passes are required.

Tounderstand the bubble sort technique, consider an unsorted array shown
here.

| 8 ] 7 | 65 | 5 | 43 |

The steps to sort the values stored in the array in ascending order using
bubble sort are as follows:

First pass:

1. Thevalues8and 7 are compared with each other. Since 7 is smaller than 8,
both the values are swapped with each other.

2. No swapping: Next, the values 8 and 65 are compared with each other.
Since 8 is less than 65, means they are in proper order and, hence, no
swapping s required. The list remains unchanged.

No swapping
| 7 ] 8 ] 65 ] 5 | 43 |
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3. Elements compared: Then the values 65 and 5 are compared with each
other. Since 5 is less than 65, both the values are swapped.

Elements compared
| 7 | 8 | 65 | 5 | 43 |

| 7 ] 8 | 5 | 65 | 43 |

Elements swapped

4. Elements compared: Next, the values 65 and 43 are compared with each
other. Since 43 is less than 65, both the values are swapped.

Elements compared
| 7 | 8 | 5 | 65 | 43 |

7 | 8 [ 5 | 43 | 65 |
Elements swapped

After the first pass, the largest value of the array (here, 65) is placed at last
position.

Second pass

1. Thevalues 7 and 8 are compared with each other. Since 7 is smallerthan 8,
no swappingis required.

2. Thenthe values 8 and 5 are compared. Since 8 is greater than 5, both are
swapped.

3. Next, the elements 8 and 43, and 43 and 65 are compared. Since they are
already in ascending order, they need not be swapped.

| 7 ] 5 ] 8 [ 43 ] 65 ]

Third Pass

1. Thevalues 7 and 5 are compared with each other. Since 7 is greater than 5,
both are swapped.

2. Since the remaining elements are already in ascending order, they are not
swapped.

| 5 1 7 | 8 | 43 | 65 |

Fourth Pass

1. Inthe fourth pass, no swapping is required as all the elements are already in
ascending order. Thus, at the end of this pass, the list is sorted in ascending
order as follows:

5 1 7 | 8 | 43 | 65 |




Algorithm 13.1 Bubble Sort |

bubble_sort(ARR, size)

1. Seti=0,flag=1
2. While (i < size-1 AND flag = 1)
Setj=0
Set flag = 0
While (j < size-i-1)
If (ARR[j] > ARR[j+1])
Setflag =1 //swap will occur, hence set flag = 1
Set temp = ARR[j] //temp is temporary variable used to swap
//two values
Set ARR[j] = ARR[j+1]
Set ARR[j+1] = temp

End If
Setj=j+1
End While
Print ARR after (i+1)th pass
Seti=i+1
End While
3. Print “No. of passes: ”, i
4. End

Example 13.1: Aprogram to show sorting of an array using bubble sort
#include<stdio.h>

#include<conio.h>
#define MAX 20

/*Function prototype*/
void bubble sort(int [], int);

void main ()

{
int ARR[MAX],1i, size;
do
{

clrscr();

printf (“"\nEnter the size of the array (max %d): “,
MAX) ;
scanf (“%d”, &size);
}while (size>MAX) ;
printf (“\nEnter the elements of the array:\n”);
for (1=0;1i<size;i++)
scanf (“%d”, &ARR[i]):;
bubble sort (ARR, size);
printf (“\nThe sorted array is: “);
for (i=0;i<size;i++)
printf (“%d %, ARRI[i]);
getch () ;
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void bubble sort (int ARR[], int size)

{
NOTES , .
int i, j, k, temp, flag=1l;

i=0;
while (i<size-1 && flag==1)
{
flag=0;
for (j=0;j<size-i-1; j++)
{
if (ARR[Jj]>ARR[]+1])
{
flag=1;
temp=ARRI[]];
ARR[J]=ARR[]j+1];
ARR[j+1]=temp;

}
printf (“\nArray after pass %d: %, i+1);
for (k=0; k<size; k++)
printf (“%d “, ARR[k]);
i++;
}
printf (“\nNo. of passes: %d”, 1i);
}
The output of the program s
Enter the size of the array (max 20): 5
Enter the elements of the array:
8
7
65
5
43

43 65
43 65
43 65
43 65

Array after pass
Array after pass

Array after pass

sw N
(G2 BN G IEE NN
~ J U1 @
o Co oo Ul

Array after pass
No. of passes: 4
The sorted array is: 5 7 8 43 65
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13.4 INSERTION SORT

Theinsertion sortalgorithm selects each element and inserts it at its proper position
in the earlier sorted sub-list. In the first pass, the element ARR [ 1 ] is compared
withARR[0],andif ARR[1] and ARR [ O] are not sorted, they are swapped.
In the second pass, the element ARR[2] is compared with ARR[0] and
ARR[1],anditisinserted at its proper position in the sorted sub-list containing
the elements ARR [0], ARR [1]. Similarly, during i th iteration, the element
ARR[1i] isplacedat its proper position in the sorted sub-list containing the elements
ARR[O], ARR[1], ARR[2],..., ARR[i-1].

In order to determine the actual position of the element (say, ARR[1])in
the sorted sub-list containing the elements ARR[0], ARR[1],...,ARR[1-
11,theelement ARR [ 1] iscompared with all other elements to its left, until an
element ARR [ 5] is found such that ARR [ § ] <=ARR [1]. Now, to insert the
element at its actual position, all theelements ARR [1-1],ARR[1i-2],ARR[i-
31,...,ARR[J+1] areshifted one position towards the right to create the space
for ARR[1],andthen ARR[i] isinsertedat (j+1) st position.

Tounderstand the insertion sort algorithm, consider an unsorted array shown
here. The steps to sort the values stored in the array in ascending order using
insertion sort are given here.

[7 [ 3] 20 [ 11 | 6 |

« Thefirstvalue, thatis, 7 is trivially sorted by itself.

+ Thenthe second value 33 is compared with the first value 7. Since 33
is greater than 7, no changes are made.

+ Next, the third element 20 is compared with its previous elements
(elements towards its left). Since 20 is smaller than 33 but greater
than 7, it is inserted at second position. For this, the element 33 is
shifted one position towards right and 20 is inserted at its appropriate
(second) position.

[ 7 [ 33 [ 20 [ 11 | 6 |
[
7 [ 20 | 33 | i1 | 6 |

« Then, the fourth element 11 is compared with its previous elements.
Since 11 is greater than 7 and less than 20 and 33, it is placed between
7 and 20. For this, the elements 20 and 33 need to be shifted one
position towards the right.

|l 7 [ 20 | 33 [ 11 6
L%
| 7 | 11 ] 20 [ 33 | 6 |
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« Finally, the last element 6 is compared with all the elements preceding
it. Since it is smaller than all the other elements, they are shifted one
position towards right and 6 is inserted at the first position in the array.
After this pass, the array is sorted.

v |

[ 7 | 11 | 20 | 33 | 6 |
I 4 44

[ 6 | 7 [ 11 [ 20 [ 33 |

The final sorted array is as follows:

| 6 | 7 | 11 | 20 | 33 |

Algorithm 13.2 Insertion Sort |
insertion_sort(ARR, size)

1. Seti=1
2. While (i < size)
Set temp = ARR[i]j
=i-1
While (temp < ARR[j] AND j >= 0)
Set ARR[j+1] = ARR[j]
Setj=j-1
End While
Set ARR[j+1] = temp
Print ARR after ith passSet
i=i+1
End While

3. Print “No. of passes: ”, i-1
4. End

Example 13.2: Aprogram to show sorting of an array using insertion sort

#include<stdio.h>
#include<conio.h>
#define MAX 20
/*Function prototype*/
void insertion sort(int [], int);
void main ()
{
int ARR[MAX],i, size;
do
{

clrscr () ;

A\

printf (“\nEnter the size of the array (max %d): “,
MAX) ;

scanf (“%d”, &size);
}while (size>MAX) ;
printf (“\nEnter the elements of the array:\n”);
for (1=0;1i<size;i++)

scanf (“%d”, &ARR[1]);



insertion sort (ARR, size);
printf (“\nThe sorted array is: “);
for (i=0;i<size;i++)
printf (“%d %, ARR[i]);
getch();
}
void insertion sort (int ARR[], int size)
{
int i, j, k, temp, count=0;;
for (i=1;i<size;i++)
{
temp=ARR[1];
J=1i-1;
if (temp<ARR[]])
{
while (temp<ARR[]] && j>=0)
{
ARR[J+1]=ARR[]];
J—7

}
ARR[j+1]=temp;
printf (“\nArray after pass %d: “,
for (k=0; k<size;k++)
printf (V% Y, ARR[k]);
}

printf (“\nNo. of passes: %d”, i-1);

The output of the programiis

Enter the size of the array (max 20): 5

Enter the elements of the array:

35

20

4

10

5

Array after pass 1: 20 35 4 10 5
Array after pass 2: 4 20 35 10 5
Array after pass 3: 4 10 20 35 5
Array after pass 4: 4 5 10 20 35
No. of passes: 4

The sorted array is: 4 5 10 20 35

i);
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13.5 RADIX SORT

The radix or bucket sort algorithm sorts the numbers by considering individual
digits starting fromright to left. Inthe first pass, the numbers are sorted according
to the digits at units place. In the second pass, the numbers are sorted according
to the digits at tens place, and so on. Since the base of decimal numbers is 10, the
radix sort requires ten buckets, numbered 0, 1, 2, 3,4, 5, 6, 7, 8 and 9 to store
the array elements in each pass. The number of passes in the algorithm is equal to
the number of digits in the largest number. Therefore, the algorithm first determines
the largest number in the listand counts the number of digitsin it.

In the first pass, the numbers having 0 at units place are placed in bucket 0.
Numbers having 1 at their units place are placed in bucket 1, numbers having 2 at
their units place are placed in bucket 2 and so on. The elements are then retrieved
from these buckets (starting from bucket O till bucket 9) and copied in the original
array. At this point, the numbers are sorted based on the digits at units place. This
list becomes the input for the second pass. In the second pass, the numbers having
0 attheir tens place are placed in bucket 0. Numbers having 1 at their tens place
are placed in bucket 1, numbers having 2 at their tens place are placed in bucket
2 and so on. The elements are then retrieved from these buckets (starting from
bucket 0till bucket 9) and copied in the original array. At this point, the numbers
are sorted based on the digits at tens place. Now, this array becomes the input for
the third pass. This process is repeated d times, where d represents the number
of digitsinthe largest number of the list.

To understand the radix sort algorithm, consider an unsorted array.

| 318 ] 233 | 56 [ 899 [ 912 | 674 | 555 | 110 | 21 | 746 |

Since the largest element (that is, 899) consists of three digits, the array will
be sorted in three passes.

First pass
In the first pass, the digits at the units place are considered, and the elements are
placed in the corresponding buckets as follows:

Bucket | Bucket | Bucket | Bucket | Bucket | Bucket | Bucket | Bucket | Bucket | Bucket

0 1 2 3 4 5 6 7 8 9

110 21 912 233 674 555 56 318 899
746

Now, the elements are retrieved from each bucket and copied into the
original array. The array now becomes:

| 110 | 21 | 912 | 233 | 674 | 555 | 56 [ 746 | 318 | 899 |

Second pass
In the second pass, the digits at the tens place are considered, and the elements
are placed in the corresponding buckets as follows:

Bucket | Bucket | Bucket | Bucket | Bucket | Bucket | Bucket | Bucket | Bucket | Bucket

0 1 2 3 4 5 6 7 8 9
110 21 233 746 555 674 899
912 56

318




Now, the elements are retrieved from each bucket and copied into the
original array. The array now becomes:

[[110 [ 912 [ 318 [ 21 [ 233 | 746 | 555 | 56 | 674 | 899 |

Third pass

Inthe third pass, the digits at the hundredth place are considered, and the elements
are placed in the corresponding buckets as follows:

Bucket | Bucket | Bucket | Bucket | Bucket | Bucket | Bucket | Bucket | Bucket | Bucket
0 1 2 3 4 5 6 7 8 9

021 110 233 318 555 674 746 899 912
056

Now, the elements are retrieved from each bucket and copied into the
original array. After this pass, the array is sorted as follows:

[21 | 56 [ 110 [ 233 | 318 | 555 | 674 | 746 | 899 | 912 |

Algorithm 13.3 Radix Sort |
bucket_sort(ARR, size)

1. Seti =1, digitcount = 0, divisor = 1, t = 0, largest = ARR[0]
2. While (i < size)
If (ARR[i] > largest)
Set largest = ARR[i]

End If
Seti=i+1
End While
3. While (largest > 0)
Set largest = largest / 10
Set digitcount = digitcount + 1
End While
4. Seti=0
5. While (i < digitcount)
Setk=0
While (k < 10)
Set buckcount[k] = 0
Setk=k+ 1
End While
Setj=0
While (j < size)
Set r = (ARR[j] / divisor) % 10
Set bucket[buckcount[r]][r] = ARR[j]
Set buckcount[r] = buckcount[r] + 1
Setj=j+1
End While
Sett=0,j=0
While (j < 10)
Set k =0
While (k < buckcount[j])
Set ARR[t] = bucket[k][j]

Sett=t+1

Setk=k+ 1
End While
Setj=j+1

End While
Print ARR after ith pass
Set divisor = divisor * 10

Seti=i+1
End While
6. Print “No. of passes: ”, digitcount
7. End
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Example 13.3: Aprogram to show sorting of an array using radix sort

#include<stdio.h>
#include<conio.h>
#define MAX 20

/*Function prototype*/
void bucket sort(int [], int);

void main ()

{
int ARR[MAX], i, size;
do
{

clrscr();

printf (“\nEnter the size of the array (max %d):

MAX) ;

scanf (“%d”, &size);
}while (size>MAX) ;
printf (“\nEnter the elements of the array:\n”);
for (1=0;1i<size;i++)

scanf (“%d”, &ARR[i]);
bucket sort (ARR, size);
printf (“\nThe sorted array is: “);
for (i=0;i<size;i++)

printf (“%d %, ARR[i]);
getch () ;

void bucket sort (int ARR[], int size)

{
int bucket [MAX] [10], buckcount[10];

AN
14

int i, j, k, r, digitcount=0, divisor=1, largest,

t=0;
largest=ARR[0];
for (i=1;i<size;i++)
{
if (ARR[i]>largest)
largest=ARR[1];
}
while (largest>0)




largest/=10;
digitcount++;
}
for (1i=0;i<digitcount;i++)
{
for (k=0;k<10; k++)
buckcount [k]=0;
for (3j=0;j<size;j++)
{
r=(ARR[j]/divisor) %10;
bucket [buckcount [r]++] [r]=ARR[]];
}
t=0;
for (j=0;3<10;j++)
for (k=0; k<buckcount[j];k++)
{
ARR[t++]=bucket[k] []];
}
printf (“\nArray after pass %d: “,i+1);
for (3j=0;j<size;j++)
printf (“%d %, ARRI[]]);
divisor*=10;
}
printf (“\nNo. of passes: %d “, digitcount);
}
The output of the programiis

Enter the size of the array (max 20): 10

Enter the elements of the array:
318
233
56
899
912
674
555
110
21
746
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Array after pass 1: 110 21 912 233 674 555 56 746 318 899
Array after pass 2: 110 912 318 21 233 746 555 56 674 899
Array after pass 3: 21 56 110 233 318 555 674 746 899 912
No. of passes: 3

The sorted array is: 21 56 110 233 318 555 674 746 899 912

13.6  ANSWERS TO CHECK YOUR PROGRESS
QUESTIONS

1. The process of arranging the data in some logical order is known as sorting.
2. Therearetwo types of sorting, namely, internal sorting and external sorting.

3. Animportant property of the bubble sort algorithm is that if a particular
pass is made through the list without swapping any items, then there will be
no further swapping of elements in the subsequent passes.

4. The radix or bucket sort algorithm sorts the numbers by considering
individual digits starting fromrightto left.

13.7 SUMMARY

+ The process of arranging the data in some logical order is known as sorting.
The order can be ascending or descending for numeric data, and
alphabetically for character data.

« There aretwo types of sorting, namely, internal sorting and external sorting
« Ifall the data that is to be sorted do not fit entirely in the main memory,
external sorting isrequired

« The bubble sort algorithm requires n-1 passes to sort an array. In the first
pass, each element (except the last) in the list is compared with the element
nexttoit, and if one element is greater than the other then both the elements
are swapped.

« Theinsertion sort algorithm selects each element and inserts it at its proper
position in the earlier sorted sub-list.



« Theradix orbucketsortalgorithmsorts the numbers byconsidering individual
digitsstarting fromrightto left.

13.8 KEY WORDS

« Sorting: It refersto arranging data in a particular format.

« Bucket Sort: Itisasorting algorithm that works bydistributing the elements
of an array into a number of buckets.

« Insertion Sort: Itisasortingalgorithm inwhichthe elementsare transferred
one atatime to the right position.

13.9 SELF ASSESSMENT QUESTIONS AND
EXERCISES

Short-Answer Questions

1. What are the two types of sorting?
2. What does external sorting require?
3. How does insertion sort work?
Long-Answer Questions
1. Describe the steps to sort the values stored in the array in ascending order

using bubble sort.

2. Write aprogram showing sorting of anarray using bubble sort and insertion
sort.

3. Examine the steps to sort values using radix sort.

13.10 FURTHER READINGS

Storer, J.A. 2012. An Introduction to Data Structures and Algorithms. New
York: Springer Publishing.

Goodrich Michael, Tamassia Roberto and Michael H. Goldwasser. 2014. Data
Structures and Algorithms in Java. London: John Wiley and Sons.

McMillan, Michael. 2007. Data Structures and Algorithms Using C#.
Cambridge, UK: Cambridge University Press.

13.11 LEARNING OUTCOMES

« Sorting
+  Theprocess of insertion sorting, bubble sorting and bucket sorting
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UNIT 14 OTHER SORTING
TECHNIQUES

Structure

14.0 Introduction

14.1 Objectives

14.2 Selection Sort

14.3 Quick Sort

14.4 Tree Sort

14.5 Answers to Check Your Progress Questions
14.6 Summary

14.7 Key Words

14.8 Self Assessment Questions and Exercises
14.9 Further Readings

14.10 Learning Outcomes

14.0 INTRODUCTION

In the previous unit, you were introduced to sorting. You learnt about sorting
techniques such as insertion sorting, bubble sorting and bucket sorting. In this unit,
you will be introduced with other sorting techniques such as selection sort, quick
sort and tree sort.

141 OBJECTIVES

After going through this unit, you will be able to:

+ Define selection sort, quick sort and tree sort
« Write programs using selection, quick and tree sorting techniques

14.2 SELECTION SORT

In selection sort, first, the smallest element in the list is searched and is swapped
with the firstelement in the list (that is, it is placed at the first position). Then, the
second smallest element is searched and swapped with the second element in the
list (that s, it is placed at the second position), and so on.

Like bubble sort algorithm, the selection sort also requires n—1 passes to
sortanarray containing n elements. However, there isaslight difference between



the selection sort and the bubble sort algorithms. In selection sort, the smallest
elementisthe first one to be placed at its correct position, then the second smallest
element takes its position, and so on. Whereas, in bubble sort, the largest element
is the first one to be placed at its appropriate position, then the second largest
element, and so on.

Tounderstand the selection sortalgorithm, consider an unsorted array shown
here.

| 8 | 33 ] 6 [ 21 | 4 |

The steps to sort the values stored in the array in ascending order using
selection sortare as follows:

1. Inthe first pass, the entire array is scanned for the smallest element,
which is 4 in this list. It is swapped with the first element, that is, 8.
Thus, 4 is placed at its correct position and is not used for any further
comparisons.

2. Inthesecond pass, the smallest element is searched from the last four
elements, which is 6. It is swapped with the second element, that

is, 33.
[ 1]
[4 [ 33 ] 6 [ 21 [ 8 ]
| 4 | 6 | 33 | 21 [ 8 |

3. Inthethird pass, the smallest element is searched from the last three
elements, which is 8. This value is swapped with the third element,

thatis, 33.
[ 1
[4 [ 6 [ 3 [ 21 [ 8 |
4 | 6 | 8 [ 21 [ 33 |

4. Inthe fourth pass, the smallest element is searched from the last two
elements. Since 21 is smaller than 33, therefore, no changes are made
inthe list obtained after the third pass, and the listis sorted in ascending
order. The sorted list is as follows.

[ 4] 6 | 8 | 21 | 33 |

Other Sorting Techniques
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Other Sorting Techniques Algorithm 14.1 Selection Sort |

selection_sort(ARR, size)

1. Seti=0
2. While (i < size-1)
Set small = ARR[i]Set

NOTES pos =i
Setj=i+1
While (j < size) //searching the smallest element in unsorted list
If (ARR[j]<small)
Set small = ARR[j]Set
pos = j
End If
Setj=j+1
End While

Set ARR[pos] = ARR[i] //placing the smallest element at its correct position
Set ARR[i] = small
Print ARR after (i+1)% passSet
i=i+1
End While

3. Print “No. of passes:
4. End

”

Pl

Example 14.1: Aprogram to show sorting of an array using selection sort
#include<stdio.h>
#include<conio.h>
#define MAX 20

/*Function prototype*/

void selection sort(int [], int);

void main ()

{
int ARR[MAX],i, size;
do
{
clrscr();
printf (“\nEnter the size of the array (max %d): “,
MAX) ;

scanf (“%d”, &size);
lwhile (size>MAX) ;
printf (“\nEnter the elements of the array:\n”);
for (i=0;i<size;i++)
scanf (“%d”, &ARRI[1i]);
selection sort (ARR, size);

printf (“\nThe sorted array is: “);
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for (i=0;i<size;i++)
printf (“%d %, ARR[i]);
getch();

void selection sort (int ARR[], int size)
{
int i1, j, k, small, pos, count=0;
for (i=0;i<(size-1);i++)
{
small=ARRI[1];
pos=i;
for (j=i+1;j<size;j++)
{
if (ARR[]j]<small)
{
small=ARRI[7]];
pos=7j;

}
ARR[pos]=ARRI[1];
ARR[i]=small;
printf (“\nArray after pass %d: “,
for (k=0; k<size;k++)
printf (%% Y, ARR[Kk]);
}
printf (“\nNo. of passes: %d”, 1i);
}
The output of the programiis

Enter the size of the array (max 20): 5

Enter the elements of the array:
8

6

33

21

5

i+1);
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Array after pass 1: 5 6 33 21 8
Array after pass 2: 5 6 33 21 8
Array after pass 3: 5 6 8 21 33
Array after pass 4: 5 6 8 21 33

No. of passes: 4

The sorted array is: 5 6 8 21 33

14.3 QUICK SORT

Quick sort algorithm also follows the principle of divide-and-conquer. However,
it does not simply divide the list into halves. Rather it first picks up a partitioning
element, called pivot that divides the list into two sub-lists. This is done inanever
thatall the elements in the left sub-list are smaller than the pivot, and all the elements
in the right sub-list are greater than the pivot. The same process is applied on the
left and right sub-lists separately. This process is repeated recursively until each
sub-list contains not more than one element.

The main task in quick sort is to find the pivot that partitions the given list
into two halves so that the pivot is placed at its appropriate location in the array.
The choice of pivot has a significant effect on the efficiency of quick sort algorithm.
The simplestway is to choose the first element as pivot. However, the first element
is nota good choice, especially if the given list is already or nearly ordered. For
better efficiency, the middle element can be chosen as a pivot. Note that, the first
elementisastaken as pivot for simplicity.

The steps involved in quick sortalgorithm are as follows:

1. Initially, three variables pivot, begand end are taken, such that
both pivot and beg refer to the 0th position, and end refers to
(n—1)th position in the list.

2. Starting with the element referred to by end, the array is scanned
fromrightto left, and each element on the way is compared with the
element referredto by pivot. If the element referred toby pivot
is greater than the element referred to by end, they are swapped and
step 3 is performed. Otherwise, end is decremented by 1 and step 2
iscontinued.

3. Starting with the element referred to by beg, the array is scanned
from left to right, and each element on the way is compared with the



element referredto by pivot. If the element referred toby pivot
is smaller than the element referred to by end, they are swapped and
step 2 is performed. Otherwise, beg is incremented by 1 and step 3
iscontinued.

The first pass terminates when pivot, begand end all refer to the same
array element. This indicates that the pivot element is placed at its final position.
The elements to the left of this element are smaller than this element, and elements
toitsright are greater.

To understand the quick sort algorithm, consider an unsorted array:

| 8 | 33 | 6 [ 21 | 4 |

The steps to sort the values stored in the array in ascending order using
quick sortare as follows:

1. Initially, theindex 0 inthe list is chosen as the pivot, and the index variables
beg and end are initialized with index 0 and n—1 respectively.

| 8 | 33 ] 6 | 21 | 4 |

2. The scanning of elements is started from the end of the list. ARR[pivot]
(thatis, 8) is greater than ARR[end] (that is, 4). Therefore, they are swapped.

| 8 | 33 | 6 [ 21 | 4 |
pivot end
beg

3. Now, the scanning of elements is started from the beginning of the list. Since
ARR[pivot] (thatis, 8) is greater than ARR[beg] (that is 33), therefore beg
isincremented by 1, and the list remains unchanged.

[ 4 | 33 ] 6 [ 21 ] 8 |
beg pivot
end

4. Next, the elementARR[pivot] is smaller than ARR[beg], theyare swapped.

[ 4 | 8 | 6 [ 21 | 33 |
t t
pivot end
beg
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Other Sorting Techniques 5. Again, the list is scanned from right to left. Since, ARR[pivot] is smaller
than ARR[end], therefore the value of end is decremented by 1, and the list
remainsunchanged.

NOTES L 4 [ 8 [ 6 [ 21 ] 33 |
pivot end
beg

6. Next, the element ARR[pivot] is smaller than ARR[end], value of end is
decremented by 1, and the list remains unchanged.

| 4 [ 8 | 6 | 21 | 33 |

T 1

pivot end
beg

7. Now, ARR[pivot] is greater than ARR[end], they are swapped.

| 4 | 6 | 8 | 21 | 33 |
beg pivot
end

8. Now, the listis scanned from left to right. Since, ARR[pivot] is greater than
ARR[beg], value of beg is incremented by 1. The list remains unchanged.

| 4 ] 6 | 8 ] 21 [ 33 ]

T

pivot
beg
end

At this point since the variables pivot, beg and end all refer to the
same element, the first pass is terminated and the value 8 is placed at its
appropriate position. The elements to its left are smaller than 8, and elements
to its right are greater than 8. The same process is applied on the left and
rightsub-lists.
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Algorithm 14.2 Quick Sort |

quick_sort(ARR, size, |b, ub)

1. Seti=1 //i is a static integer variable

2. Iflb<ub
Call splitarray(ARR, Ib, ub) //returning an integer value pivot
Print ARR after it pass

Seti=i+1

Call quick_sort(ARR, size, Ib, pivot — 1) //recursive call to quick_sort() to
//sort left sub list

Call quick_sort(ARR, size, pivot + 1, ub); //recursive call to quick_sort() to

//sort right sub list
Else if (ub=size-1)
Print “No. of passes: “, iEnd
If
3. End

splitarray(ARR, |b, ub)

//spiltarray partitions the list into two sub lists such that the elements in left sub list are
smaller than ARR[pivot], and elements in the right sub list are greater than ARR[pivot]

1. Set flag = 0, beg = pivot = Ib, end = ub
2. While (flag '= 1)
While (ARR[pivot] <= ARR[end] AND pivot != end)Set
end =end - 1
End While
If pivot = end
Set flag = 1
Else
Set temp = ARR[pivot]
Set ARR[pivot] = ARR[end]
Set ARR[end] = temp
Set pivot = end
End If
Ifflag =1
While (ARR[pivot] >= ARR[beg] AND pivot != beg)
Set beg = beg + 1
End While
If pivot = beg
Set flag = 1
Else
Set temp = ARR[pivot]
Set ARR[pivot] = ARR[beg]Set
ARR[beg] = temp
Set pivot = beg

End If
End If
End While
3. Return pivot
4. End

Example 14.2: Aprogram to show sorting of an array using quick sort
#include<stdio.h>
#include<conio.h>
#define MAX 20

/*Function prototypes*/
void quick sort(int [], int, int, int);

int splitarray(int [], dint, int);
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Other Sorting Techniques void main ()
{
int ARR[MAX], i, size;
do

NOTES (

clrscr();

AN}

printf (“\nEnter the size of the array (max %d): “,
MAX) ;

scanf (“%d”, &size);
twhile (size>MAX) ;
printf (“\nEnter the elements of the array:\n”);
for (1=0;1i<size;i++)
scanf (“%d”, &ARR[i]);
quick sort (ARR, size, 0, size-1);
printf (“\nThe sorted array is: “);
for (1=0;1i<size;i++)
printf (“%d %, ARR[i]);
getch () ;

void quick sort(int ARR[], int size, int 1lb, int ub)
{
int pivot, k;
static int 1i=0;
if (lb<ub)
{
pivot=splitarray (ARR, 1lb, ub);
printf ("\nArray after pass %d: “, i+l);
for (k=0;k<size;k++)
printf (“%d %, ARR[k]);
i++;
quick sort (ARR, size, 1lb, pivot-1);
/*recursive call to function to sort left sub-list*/
quick sort (ARR, size, pivot+l, ub);
/*recursive call to function to sort right sub-list*/
}
else 1f (ub==(size-1))

printf (“\nNo. of passes: %d”, 1i);

}
int splitarray(int ARR[], int 1lb, int ub)

{
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int pivot, beg, end, temp, flag=0;
beg=pivot=1lb;
end=ub;
while (!flagqg)
{
while ((ARR[pivot]<=ARR[end]) && (pivot!=end))
end—;
if (pivot==end)
flag=1;
else
{
temp=ARR [pivot];
ARR[pivot]=ARR[end];
ARR[end]=temp;

pivot=end;
if (!'flag)

while ((ARR[pivot]>=ARR[beg]) && (pivot!=beq))
begt+;
if (pivot==beq)
flag=1;
else
{
temp=ARR [pivot];
ARR[pivot]=ARR[beqg];
ARR [beg]=temp;
pivot=beg;

}
return pivot;
}
The output of the program is

Enter the size of the array (max 20): 5

Enter the elements of the array:
6

5
4
3
2
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Array after pass
Array after pass
Array after pass
Array after pass
No. of passes: 4

The sorted array

1: 25436
2: 25436
3: 23456
4: 2 3456

is: 2 3 4 5 6

144 TREE SORT

Atreesortisasortalgorithm that builds abinary search tree from the elements to
be sorted. It then traverses the tree so that the elements come out in a sorted
order. Its typical use is to sort elements online. As an insertion is completed, the
set of elements seen so far is available in sorted order.

The following tree sort algorithm in pseudocode accepts a collection of
comparable items and outputs the items in ascending order

STRUCTURE BinaryTree

BinaryTree:LeftSubTree

Object:Node

BinaryTree:RightSubTree

PROCEDURE Insert (BinaryTree:searchTree, Object:item)
IF searchTree.Node IS NULL THEN
SET searchTree.Node TO item

ELSE

IF item IS LESS THAN searchTree.Node THEN

Insert (searchTree.LeftSubTree, item)

ELSE

Insert (searchTree.RightSubTree, item)

PROCEDURE InOrder (BinaryTree:searchTree)
IF searchTree.Node IS NULL THEN
EXIT PROCEDURE

ELSE

InOrder (searchTree.LeftSubTree)
EMIT searchTree.Node

InOrder (searchTree.RightSubTree)



PROCEDURE TreeSort (Collection:items)

BinaryTree:searchTree

FOR EACH individuallItem IN items

Insert (searchTree, individualItem)

InOrder (searchTree)

145 ANSWERS TO CHECK YOUR PROGRESS
QUESTIONS

1. Inselection sort, first, the smallest element in the list is searched and is
swapped with the first element in the list (that is, it is placed at the first
position).

2. Quick sortalgorithmalso follows the principle of divide-and-conquer.

3. Treesortisasorting algorithm that is based on Binary Search.

14.6 SUMMARY

* In selection sort, first, the smallest element in the list is searched and is
swapped with the first element in the list (that is, it is placed at the first
position). Then, the second smallest element is searched and swapped with
the second element in the list (that is, it is placed at the second position),
and so on.

« Like bubble sort algorithm, the selection sort also requires n-1 passes to
sortanarray containing n elements.

« Quick sort algorithm also follows the principle of divide-and-conquer.
However, it does not simply divide the list into halves. Rather it first picks
up apartitioning element, called pivot that divides the list into two sub-lists.

« Atree sort is a sort algorithm that builds a binary search tree from the
elements to be sorted, and then traverses the tree so that the elements come
out in sorted order.
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14.7 KEY WORDS

« Selection Sort: Itisasorting algorithm that starts by finding the minimum
value inthe array and moving it to the first position.

+ Quick Sort: Itisapopular sorting algorithm utilizes a divide-and-conquer
strategy to quickly sort data items by dividing a large array into two smaller
arrays.

+ Tree Sort: Itis asort algorithm that builds a binary search tree from the
elements to be sorted, and then traverses the tree (in-order) so that the
elements come out in sorted order.

14.8 SELF ASSESSMENT QUESTIONS AND
EXERCISES

Short-Answer Questions

1. Differentiate between bubble sort and selection sort.
2. How does the quick sort algorithm sort data?

Long-Answer Questions

1. Describe the stepsto sort the values stored in the array in ascending order
usingselection sort.

2. Writeaprogram showing sorting of an array using selection sort and quick
sort.
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14.10 LEARNING OUTCOMES

« Define selection sort, quick sort and tree sort
« Write programs using selection, quick and tree sorting techniques



