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RESUME OF RESEARCH

Specialized area of research: Nonlinear Resonances

In recent years stochastic and vibrational resonances were investigated in certain nonlinear
oscilllators. The role of shape of periodic forces and depths and widths of the double-well
potentials on the characteristics of stochastic resonance has been investigated. It has been
shown that multifractal analysis can also be used for characterization of stochastic resonance.
The utility of stochastic resonance in multi-scroll system in detecting additional ac or dc signal
present in the input signal was explored. In multi-scroll systems the signal-to-noise ratio is found
to be maximum when the equilibrium point is six and stochastic resonance is observed only for the
number of equilibrium points < 20.

Both theoretically and numerically, vibrational resonance has been investigated in monostable,
bistable, three-well and spatially periodic potential systems, time-delay systems and nonlinear
biological maps. Specifically, analytical expression for the control parameters at which
resonance occurs was derived. Multiple resonances in monostable systems and sequential
resonances in pendulum system and undamped signal propagation in coupled maps were found
due to vibrational resonance. The effect of depth and width of the potential wells and asymmetry
in the potential of the Duffing oscillator has been investigated. Theory for the analysis of
vibrational resonance in time-delay system has been developed. The theoretical treatment allows
us to predict the values of the control parameters at which resonance occurs, the number of
resonances, the parametric choices for which resonance cannot occur, the maximum value of the
response amplitude and explains the mechanism for vibrational resonance. The influence of (i)
single constant, (i) multiple, (iii) gamma distributed, (iv) integrative, (v) random and (vi) different
types of state-dependent time-delayed feedbacks on vibrational resonance has been investigated.

Ghost-stochastic resonance in single Bellows map and unidirectionally coupled n Bellows maps,
and ghost-vibrational resonance in single Duffing oscillator and unidirectionally coupled n Duffing
oscillators were analysed. Multiple resonance and antiresonance were investigated both
theoretically and through analog circuit simulation of two-coupled and n coupled Duffing
oscillators.
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Preface

Quantum mechanics is the study of the behaviour of matter and energy at the
molecular, atomic, nuclear levels and even at sub-nuclear level. This book is
intended to provide a broad introduction to fundamental and advanced topics
of quantum mechanics. Volume I is devoted to basic concepts, mathematical
formalism and application to physically important systems. Volume II covers
most of the advanced topics of current research interest in quantum mechan-
ics. Both the volumes are primarily developed as texts at the graduate level
and also as reference books. In addition to worked-out examples, numerous
collection of problems are included at the end of each chapter. Solutions are
available to confirmed instructors upon request to the publisher. Some of the
problems serve as a mode of understanding and highlighting the significances
of basic concepts while others form application of theory to various physically
important systems/problems. Developments made in recent years on various
mathematical treatments, theoretical methods, their applications and exper-
imental observations are pointed out wherever necessary and possible and
moreover they are quoted with references so that readers can refer them for
more details.

Volume I consists of 21 chapters and 7 appendices. Chapter 1 summa-
rizes the needs for the quantum theory and its early development (old quan-
tum theory). Chapters 2 and 3 provide the basic mathematical framework of
quantum mechanics. Schrédinger wave mechanics and operator formalism are
introduced in these chapters. Chapters 4 and 5 are concerned with the ana-
lytical solutions of bound states and scattering states respectively of certain
physically important microscopic systems. The basics of matrix mechanics,
Dirac’s notation of state vectors and Hilbert space are elucidated in chapter
6. The next chapter gives the Schrodinger, Heisenberg and interaction pic-
tures of time evolution of quantum mechanical systems. Description of time
evolution of ensembles by means of density matrix is also described. Chap-
ter 8 is concerned with Heisenberg’s uncertainty principle. A brief account of
wave function in momentum space and wave packet dynamics are presented
in chapters 9 and 10, respectively. Theory of angular momentum is covered in
chapter 11. Chapter 12 is devoted exclusively to the theory of hydrogen atom.

Chapters 13 through 16 are mainly concerned with approximation methods
such as time-independent and time-dependent perturbation theories, WKB
method and variational method. The elementary theory of elastic scattering
is presented in chapter 17. Identical particles are treated in chapter 18. The

xvii
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next chapter presents quantum theory of relativistic particles with specific
emphasize on Klein-Gordon equation, Dirac equation and its solution for a
free particle, particle in a box (Klein paradox) and hydrogen atom. Chapter
20 examines the strange consequences of role of measurement through the
paradoxes of EPR and a thought experiment of Schrodinger. A brief sketch
of Bell’s inequality and the quantum mechanical examples violating it are
given. Considering the rapid growth of numerical techniques in solving phys-
ical problems and significances of simulation studies in describing complex
phenomena, the final chapter is devoted for a detailed description of numeri-
cal computation of bound state eigenvalues and eigenfunctions, transmission
and reflection probabilities of scattering potentials, transition probabilities of
quantum systems in the presence of external fields and electronic distribution
of atoms. Some supplementary and background materials are presented in the
appendices.

The pedagogic features volume I of the book, which are not usually found
in textbooks at this level, are the presentation of bound state solutions of quan-
tum pendulum, P&schl-Teller potential, solutions of classical counter part of
quantum mechanical systems considered, criterion for bound state, scattering
from a locally periodic potential and reflectionless potential, modified Heisen-
berg relation, wave packet revival and and its dynamics, hydrogen atom in D-
dimension, alternate perturbation theories, an asymptotic method for slowly
varying potentials, Klein paradox, EPR paradox, Bell’s theorem and numeri-
cal methods for quantum systems.

The volume II consists of 10 chapters. Chapter 1 describes the basic ideas
of both classical and quantum field theories. Quantization of Klein—Gordon
equation and Dirac field are given. The formulation of quantum mechanics
in terms of path integrals is presented in chapter 2. Application of it to free
particle and linear harmonic oscillator are considered. In chapter 3 some il-
lustrations and interpretation of supersymmetric potentials and partners are
presented. A simple general procedure to construct all the supersymmetric
partners of a given quantum mechanical systems with bound states is de-
scribed. The method is then applied to a few interesting systems. The next
chapter is concerned with coherent and squeezed states. Construction of these
state and their characteristic properties are enumerated. Chapter 5 is devoted
to Berry’s phase, Aharonov—Bohm and Sagnac effects. Their origin, properties,
effects and experimental demonstration are presented. The features of Wigner
distribution function are elucidated in chapter 6. In a few decades time, it is
possible to realize a computer built in terms of real quantum systems that
operate in quantum mechanical regime. There is a growing interest on quan-
tum computing. Basic aspects of quantum computing is presented in chapter
7. Deutsch—Jozsa algorithm of finding whether a function is constant or not,
Grover’s search algorithm and Shor’s efficient quantum algorithm for inte-
ger factorization and evaluation of discrete logarithms are described. Chapter
8 deals with quantum cryptography. Basic principles of classical cryptogra-
phy and quantum cryptography and features of a few quantum cryptographic
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systems are discussed. A brief introduction to other advanced topics such
as quantum gravity, quantum Zeno effect, quantum teleportation, quantum
games, quantum cloning, quantum diffusion and quantum chaos is presented
in chapter 9. The last chapter gives features of some of the recent technolog-
ical applications of quantum mechanics. Particularly, promising applications
of quantum mechanics in ghost imaging, detection of weak amplitude objects,
entangled two-photon microscopy, detection of small displacements, lithogra-
phy, metrology and teleportation of optical images are briefly discussed.

During the preparation of this book we have received great supports
from many colleagues, students and friends. In particular, we are grate-
ful to Prof. N. Arunachalam, Prof. K.P.N. Murthy, Prof. M. Daniel,
Dr. S. Sivakumar, Mr. S. Kanmani, Dr. V. Chinnathambi, Dr. P. Philom-
inathan, Dr. K. Murali, Dr. S.V.M. Sathyanarayana, Dr. K. Thamilmaran,
Dr.T. Arivudainambi and Dr.V.S. Nagarathinam for their suggestions and
encouragement. It is a great pleasure to thank Dr. V.M. Gandhimathi,
Dr. V. Ravichandran, Dr. S. Jeyakumari, Dr. G. Sakthivel, Dr. M. Santhiah,
Mr.R. Arun, Mr. C. Jeevarathinam, Mr. R. Jothimurugan, Ms. K. Abirami
and Ms. S. Rajamani for typesetting some of the chapters. We thank the se-
nior publishing editor Luna Han and Michael Davidson, production editor at
Taylor & Francis for various suggestions and careful editing of the manuscript,
and their team members for smooth handling of the publication process. Fi-
nally, we thank our family members for their unflinching support, cooperation
and encouragement during the course of preparation of this work.

Tiruchirapalli S. Rajasekar
May, 2014 R. Velusamy
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Preface

Quantum mechanics is the study of the behavior of matter and energy at the
molecular, atomic, nuclear levels and even at sub-nuclear level. This book is
intended to provide a broad introduction to fundamental and advanced topics
of quantum mechanics. Volume I is devoted to basic concepts, mathematical
formalism and application to physically important systems. Volume II covers
most of the advanced topics of current research interest in quantum mechan-
ics. Both the volumes are primarily developed as a text at the graduate level
and also as reference books. In addition to worked-out examples, numerous
collection of problems are included at the end of each chapter. Solutions are
available to confirmed instructors upon request to the publisher. Some of the
problems serve as a mode of understanding and highlighting the significances
of basic concepts while others form application of theory to various physically
important systems/problems. Developments made in recent years on various
mathematical treatments, theoretical methods, their applications and exper-
imental observations are pointed out wherever necessary and possible and
moreover they are quoted with references so that readers can refer to them
for more details.

Volume I consists of 21 chapters and 7 appendices. Chapter 1 summarizes
the needs for the quantum theory and its early development (old quantum the-
ory). Chapters 2 and 3 provide basic mathematical framework of quantum me-
chanics. Schrodinger wave mechanics and operator formalism are introduced
in these chapters. Chapters 4 and 5 are concerned with the analytical solutions
of bound states and scattering states respectively of certain physically impor-
tant microscopic systems. The basics of matrix mechanics, Dirac’s notation of
state vectors and Hilbert space are elucidated in chapter 6. The next chapter
gives the Schrodinger, Heisenberg and interaction pictures of time evolution
of quantum mechanical systems. Description of time evolution of ensembles
by means of density matrix is also described. Chapter 8 is concerned with
Heisenberg’s uncertainty principle. A brief account of wave function in mo-
mentum space and wave packet dynamics are presented in chapters 9 and 10
respectively. Theory of angular momentum is covered in chapter 11. Chapter
12 is devoted exclusively for the theory of hydrogen atom.

Chapters 13 through 16 are mainly concerned with approximation methods
such as time-independent and time-dependent perturbation theories, WKB
method and variational method. The elementary theory of elastic scattering
is presented in chapter 17. Identical particles are treated in chapter 18. The

xiii
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next chapter presents quantum theory of relativistic particles with specific
emphasis on Klein—-Gordon equation, Dirac equation and its solution for a
free particle, particle in a box (Klein paradox) and hydrogen atom. Chapter
20 examines the strange consequences of role of measurement through the
paradoxes of EPR and a thought experiment of Schrodinger. A brief sketch
of Bell’s inequality and the quantum mechanical examples violating it are
given. Considering the rapid growth of numerical techniques in solving phys-
ical problems and significances of simulation studies in describing complex
phenomena, the final chapter is devoted to a detailed description of numeri-
cal computation of bound state eigenvalues and eigenfunctions, transmission
and reflection probabilities of scattering potentials, transition probabilities of
quantum systems in the presence of external fields and electronic distribution
of atoms. Some supplementary and background materials are presented in the
appendices.

The pedagogic features in volume I of the book, which are not usually
found in textbooks at this level, are the presentation of bound state solutions
of quantum pendulum, P6schl-Teller potential, solutions of classical counter
part of quantum mechanical systems considered, criterion for bound state,
scattering from a locally periodic potential and reflectionless potential, modi-
fied Heisenberg relation, wave packet revival and its dynamics, hydrogen atom
in D-dimension, alternate perturbation theories, an asymptotic method for
slowly varying potentials, Klein paradox, EPR paradox, Bell’s theorem and
numerical methods for quantum systems.

Volume II consists of 10 chapters. Chapter 1 describes the basic ideas of
both classical and quantum field theories. Quantization of Klein—Gordon equa-
tion and Dirac field are given. The formulation of quantum mechanics in terms
of path integrals is presented in chapter 2. Application of it to free particle and
linear harmonic oscillator are considered. In chapter 3 some illustrations and
interpretation of supersymmetric potentials and partners are presented. A sim-
ple general procedure to construct all the supersymmetric partners of a given
quantum mechanical systems with bound states is described. The method is
then applied to a few interesting systems. The next chapter is concerned with
coherent and squeezed states. Construction of these states and their char-
acteristic properties are enumerated. Chapter 5 is devoted to Berry’s phase,
Aharonov-Bohm and Sagnac effects. Their origin, properties, effects and ex-
perimental demonstration are presented. The features of Wigner distribution
function are elucidated in chapter 6. In a few decades time, it is possible to re-
alize a computer built in terms of real quantum systems that operate in quan-
tum mechanical regime. There is a growing interest on quantum computing.
Basic aspects of quantum computing are presented in chapter 7. Deutsch—
Jozsa algorithm of finding whether a function is constant or not, Grover’s
search algorithm and Shor’s efficient quantum algorithm for integer factor-
ization and evaluation of discrete logarithms are described. Chapter 8 deals
with quantum cryptography. Basic principles of classical cryptography and
quantum cryptography and features of a few quantum cryptographic systems
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are discussed. A brief introduction to other advanced topics such as quantum
gravity, quantum Zeno effect, quantum teleportation, quantum games, quan-
tum cloning, quantum diffusion and quantum chaos is presented in chapter 9.
The last chapter gives features of some of the recent technological applica-
tions of quantum mechanics. Particularly, promising applications of quantum
mechanics in ghost imaging, detection of weak amplitude objects, entangled
two-photon microscopy, detection of small displacements, lithography, metrol-
ogy and teleportation of optical images are briefly discussed.

During the preparation of this book we have received great support
from many colleagues, students and friends. In particular, we are grate-
ful to Prof. N. Arunachalam, Prof. K.P.N. Murthy, Prof. M. Daniel,
Dr. S. Sivakumar, Mr. S. Kanmani, Dr. V. Chinnathambi, Dr. P. Philom-
inathan, Dr. K. Murali, Dr. S.V.M. Sathyanarayana, Dr. K. Thamilmaran,
Dr. T. Arivudainambi and Dr. V.S. Nagarathinam for their suggestions
and encouragement. It is a great pleasure to thank Dr. V.M. Gandhimathi,
Dr. V. Ravichandran, Dr. S. Jeyakumari, Dr. G. Sakthivel, Dr. M. Santhiah,
Mr. R. Arun, Mr. C. Jeevarathinam, Mr. R. Jothimurugan, Ms. K. Abirami
and Ms. S. Rajamani for typesetting some of the chapters. We thank the
senior publishing editor Luna Han and Michael Davidson, production edi-
tor at Taylor & Francis, for various suggestions and careful editing of the
manuscript, and their team members for smooth handling of the publication
process. Finally, we thank our family members for their unflinching support,
cooperation and encouragement during the course of the preparation of this
work.

Tiruchirapalli S. Rajasekar
May, 2014 R. Velusamy
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Preface

Resonance is one of the fundamental phenomena exhibited by nonlinear systems
and is important in physics, engineering and biology. It refers to a realization of a
maximum response of a dynamical system. In an oscillating system, the response
is primarily due to the ability of the system to store and transfer energy received
from an external forcing source into an internal oscillating mode. Resonance can
be deterministic or stochastic and can be realized in microscopic and macroscopic
systems. Both single and coupled systems can display resonance behaviour. It is
beneficial in many applications and also leads to instability and disasters in certain
systems.

Resonance can be induced in dynamical systems by means of external forces.
Different kinds of external forces give rise to distinct types of resonances. An
enhanced maximum response of a system at a frequency due to an external periodic
force is termed a forced resonance or simply a resonance. Some of the other
fascinating types of resonances are (1) stochastic resonance—induced by a weak
noise at the frequency of the applied periodic force, (2) vibrational resonance—
induced by a high-frequency force at the low-frequency of the external force,
(3) coherence resonance—induced by an external noise in the absence of any
external periodic force, (4) ghost resonance—induced by a multi-frequency force
at a frequency absent in the external force, (5) parametric resonance—induced
by a periodic variation of a parameter of the system, (6) autoresonance—induced
by an external force with time-dependent frequency and (7) chaotic resonance
due to a perturbation of chaotic nature. Among these types, the resonance due
to an additive force with a single frequency and parametric resonance occur both
in linear and nonlinear systems. Other resonances take place only in nonlinear
systems. In addition to the above resonances, in certain systems the amplitude of
the response is found to be either zero or minimum at one or more frequencies or
at certain values of a control parameter. This phenomenon is termed antiresonance.
Salient features of the above-mentioned resonances and antiresonance have been
investigated in mathematical model equations of physically interesting systems and
in real experimental systems. Theoretical procedures and statistical measures are
developed to identify and explore the various features of resonances.

vii
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In the near future, the features of resonances are expected to lead to advanced
technological applications. For example, many macro, micro and nanoscale oscil-
lators and devices working in resonant modes as filters, nonlinear mixers, sensors,
atomic scale imaging and amplifiers are found to give rise to higher efficiency and
greatly improved performance.

This book presents basic aspects and salient features of the above-mentioned
various nonlinear resonances and antiresonance. Particularly, for each resonance, it
covers theoretical concepts, illustration, case studies, mechanism, characterization,
numerical simulation, experimental realization, quantum analogue, applications
and significant progresses made over the years. It is self-contained, mathematical
derivations show all the main steps, and the techniques involved in numerical
simulation are clearly described so that a reader is able to reproduce the results
presented. This is written in a simple language and prototype and paradigmatic
model equations are used to illustrate the mechanisms of resonances and describe
the theoretical procedures. This is primarily developed as a text at the postgraduate
level and also as a reference book for researchers working and/or interested in the
dynamics of resonances.

This book is structured into 14 chapters and 3 appendices. The book begins
with a detailed introduction to the phenomenon of a forced resonance in Chap. 1.
Through a theoretical treatment, the occurrence of resonance in certain physically
interesting nonlinear systems driven by a single deterministic periodic external
force is discussed. Some notable applications of forced resonances are mentioned.
Chapter 2 presents theory, characterization and applications of stochastic resonance,
and a quantum analogue of stochastic resonance is pointed out. Chapter 3 is devoted
to the theoretical analysis of the biharmonic force induced vibrational resonance
in monostable nonlinear systems. Resonance with nonsinusoidal periodic forces,
the effect of noise and the role of asymmetry of a potential on resonance are
discussed. The features of both stochastic and vibrational resonances in multistable
and excitable systems are presented in Chap. 4. Occurrences of both stochastic and
vibrational resonances in spatially periodic potential (pendulum) system and in a
modified Chua’s circuit model equation with periodic characteristic curve of Chua’s
diode are analysed in Chap.5. The role of the number of equilibrium points on
resonances is explored. Furthermore, the characteristic differences between these
two types of resonances are enumerated.

Chapter 6 mainly deals with vibrational resonances in the Duffing oscillator
with time-delayed feedback. Notable examples of time-delay in different branches
of science are enumerated. The role of constant single time-delay, multiple time-
delay, integrative time-delay, distributed time-delay and state-dependent time-delay
and the influence of strength of time-delayed feedback are analysed. Next, Chap. 7
reports on the resonance enhanced signal propagation in unidirectionally coupled
nonlinear systems. Particularly, the influence of forced, vibrational and stochastic
resonances on signal propagation is explored. Chapter 8 covers experimental
observation of vibrational resonance in single Chua’s circuit, overdamped bistable
system, vertical cavity surface emitting laser system, an excitable electronic circuit
and unidirectionally coupled Chua’s circuits. In the next chapter, ghost-stochastic
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resonance induced by noise and ghost-vibrational resonance due to a high-frequency
force are covered. Both single and coupled systems are taken for analysis. The phe-
nomenon of parametric resonance is dealt in Chap. 10. Particularly, its occurrence in
certain linear and nonlinear systems, analog circuit simulation results and its certain
signatures in quantum systems are presented.

Chapter 11 is devoted to autoresonance. The role of limiting phase trajectories
on autoresonance is examined. The features of autoresonance in optical waveguides
and four-wave mixing are elucidated. Its quantum analogue is shown to be ladder
climbing of energy with time. Coherence resonance and chaotic resonance are
treated in Chap. 12. Theory of coherence resonance is presented with reference
to a two-state noise driven system. Resonance-like behaviour induced by certain
kinds of chaotic perturbations and Gaussian white noise is analysed. The response
of linear and nonlinear systems to time-varying frequency of the driving external
force and monotonic increase of a parameter with time are discussed in the next
chapter. Such perturbations are shown to give rise to a slow passage of trajectories
through resonance and resonance tongues. The role of initial conditions on the
maximum response is discussed. The final chapter is primarily concerned with the
identification and analysis of antiresonance in both single and coupled oscillators.
Analog circuit simulation results are also presented. Finally, equilibrium point
analysis, analytical expression for the roots of a cubic equation and description of
analog circuit construction for an ordinary differential equation are presented in the
appendices.
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